STRAND 3

HISTORY OF INDICES

The word exponere (exponent) originated from Latin, expo, meaning out of, and
ponere, meaning place. While the word exponent came to mean different things, the
first recorded modern use of exponent in mathematics was in a book called "Arithemetica
Integra,” written in 1544 by English author and mathematician Michael Stifel. But he
worked only with a base of two, so the exponent 3 would mean the number of 2s you
would need to multiply to get 8. It would look like this 2°=8. The way Stifel would say it
is kind of backwards when compared to the way we think about it today. He would say
"3 is the 'setting out' of 8." Today, we would refer the equation simply as 2 cubed. He
was working exclusively with a base or factor of 2 and translating from Latin a little
more literally than we do today.

The idea of squaring or cubing goes all the way back to Babylonian times, part of
Mesopotamia now Iraq. The earliest mention of Babylon was found on a tablet dating to
the 23rd Century BC. And they were using the concept of exponents even then, although
their numbering system used symbols to denote mathematical formulas.

What the Earliest Exponents Looked Like
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The word "raised" is usually omitted, and very often "power" as well, so 3% is typically
pronounced "three to the fifth" or "three to the five". The exponentiation b" can be read as
b raised to the n-th power, or b raised to the power of n, or b raised by the exponent of n,
or most briefly as b to the n.

The modern notation for exponentiation was introduced by René Descartes in his
Géométrie (Geometry) of 1637
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Source: http://en.wikipedia.org/wiki/Exponentiation

Source: http://www.ehow.com/about_5134780_history-exponents.html
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3.1  Expressing Numbers in Indices Form

LEARNING OUTCOMES 1

Students should be able to: What is an

index?

e To introduce indices

e To write numbers in the base
index form and vice versa.

Activity:

A long time ago in the Duavata Kingdom lived a beautiful and hardworking girl. She was working for
a King who was the strict ruler of Duavata Kingdom. The King was really appreciative of the work
being done by the girl that he summoned her to his office to offer a reward. Below is the conversation
that took place between the King and the girl.

King: “Girl, I am going to give you anything you want from my Kingdom. Please tell me what is it
you really want me to give you”.

Girl: “My Lord, I come from a very poor family. My requests are as follows: Today- 1 gold coin, 1st
day of work tomorrow-2 gold coins, 2" day-4 gold coins, 3" day-8 gold coins, 4™ day-16 gold coins
and to continue for 30days”.

King: “Is that all? You must be joking! You mean to tell me that that is enough for me to reward you
for all the work that you have been doing for me. Fine, may your request be granted. Here is the 1°
gold. My advisors will do the calculations and you will come and collect your rewards on a daily basis
as you have requested”.

The King called his advisors who then made all the calculations. After receiving the breakdown for
each day until the 30" day, the King fainted.
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Source: https://www.google.com/search?q=google&ie=utf-8&oe=utf
8#qg=images+of+a+cartoon+king+and+his+money

Questions:

1. How many gold coins would the girl receive on the 5" day of work?
2. Why did the King faint? [Clue: Do all the calculations for 30 days?

Solutions:

1. 1stday: no work done= 1 gold coin[ 2° =1], 1% day: after work = 2 gold coins[ 2" = 2],
2" day: after work= 4 gold coins[2° = 4], 3" day: after work= 8 coins[ 2® =8],
4" day: after work= 16 gold coins [2* =16], 5" day: after work= 32 coins [2° = 32]
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2. The King fainted because of the amount of gold coins that he has to give after the 30days
beginning from the day of their conversation i.e. 1,073,741,823 gold coins

Index expanjj\edform
\\\\sz4 r ~N
Base —> = XX XX XXX
Exponent: another
X4 Is called the power of X name for index
Example 3. 1
Write the following in base-index form
a. CXCXCXC b. 4x4x4+5x%x5

Solution:

2 CxCxCxC=C¢" [4 factors so the index is 4]
b. 4x4x4+5x5=4% 45

Example 3.2
Write in expanded form:

a. 2h5 b. 3gs-+4f2

Solution:

. 2h°> =2xhxhxhxhxh
. 39°+4f%=3xgxgxgxgxg+4xfxf

<Exercise 3.1>

1. Write in base-index form

a. gxQgxgxgxgxq b. 6xyxyxy C. 2xaxaxa+3xIxz
d. 2x2x2x2 e. —5x-b5x-5 f. 3x3x3+4x4x4x4
g pPxpxgxpxqgxp h. -3xgxhxgxhx4xgxhxg

2. Write in expanded form

a. x° b. 2d* c. 3n®+4a’
d. 3e®—6e° e. or>—2r®+3r? +4r®
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LEARNING OUTCOMES ]

Students should be able to:

e  To establish rules of indices using numerals and pronumerals.
e To apply law of indices

3.2 Index Rules/ Laws When multiplying numbers or variables

having the same base, we add the index.
1. Index Law: 1 (ﬁ
Example:

X% x X3 | 2¢x23

2+3
= X _ o7

:X5

When dividing numbers
or variables having the
same base, we subtract

the indices.

2. Index Law: 2

x> = x°

5-3

= X
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3.

4.

5.

Index Law: 3

Index Law: 4

XO

=1

Index Law: 5

(Example:

Example:

20
=1

\/_)

\

/Example:

\
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Where the index form is
raised to another power,
the indices are multiplied.

Any number or
variable raised to
the power of zero

is equal to 1.

A negative
index will
give a
fraction when
simplified.




<Exercise 3.2>

Simplify. Your answer should contain only positive exponents.

1. a’%X a 2. wix w?
3. k® x k3 4. pixpixp
5. roe+r>s 6. t7+t7

]
7. % 8. y 0
9. (g°)? 10. (2%)?
11. 273 12. 37

Indices in real life situations

Most people who use Exponents are Economists, Bankers, Financial Advisors, Insurance
Risk Assessors, Biologists, Engineers, Computer Programmers, Chemists, Physicists,
Geographers, Sound Engineers, Statisticians, Mathematicians, Geologists and many other
professions

Exponents are fundamental, especially in Base 2 and Base 16, as well as in Physics and
Electronics formulas involved in Computing.

Exponents in Computers

Power of 2 exponents are the basis of all computing which
is done in “Binary” or base 2 numbers like these..
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x2= 16
X2x2= 32
X2xXx2x2= 64
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Source: http://passyworldofmathematics.com/exponents-in-the-real-world/

There has been an Exponential increase in the speed and power of computers over recent
years, and by around 2030 computing power is predicted to match that of the human brain.
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Exponential Growth of Computing
Twentieth through twenty first century

Calculations per Second per $1,000
)
1

Image Source: http://www.singularity.com

Exponents are critically important in modern Internet based Sales and Marketing,

Exponents and Viral Marketing

If One Person, tells another 10 people, and then each of these
10 people tell another 10 people, and so on, we get rapid spreading
of a message, video, photo, news item, or product across the Internet.

Level 0 1 2 3 4 etc
Spread 1 + 10 + 100 + 1000 + 10000

Powers 10° 101 102 10° e
?\\ \‘\“fl";"#r A%,
\& N % :
2 s \ ii\ WitE
Source: hittp://ms.paperbl 2 ‘{\!’ ?\\
Image Source: http://m5.paperblog.com o <
\'t// - \/" - N\ . Lo B /. d
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Exponents are important in Investing and Finance.

Compound Interest

Money Invested that earns interest on the interest, follows an
Exponential rate of growth to produce large amounts of money.
Eg. Retirement Funds, Long Term Investments, and Property.
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Compound Interest 10% for 20 years
Huge & Growing Fastl —— g0 ¥790%
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Interest Rate
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h
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F

Image Sources: http://www.marketoracle.co.uk and http://www.moneyguideindia.com

Compound Interest also works against people with a Credit Card debt they do not pay off,
because the debt grows faster and faster each billing period and can quickly become out of
control.

Exponents are the basis of “Demographics” (Population Growth)

Population Increase

If we have One Person and they have 4 children, and then
each of these children have 4 children, and so on, we get the
following Exponential Population Growth.

Generation 0 1 2 3 4
Children 1 4

Rule: ( 2Generation)2

Image Source: http://backtomyrootswordpress.com

Powers Values (29% (2 (2%? (292 (24*
Children 1 4 16 64 216
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Smart Phone Uptake and Sales

At first only a few people had smart phones, then within only a
few years, it seems that everybody has an iPhone or similar.
Eg. The Growth in Smart Phone usage has been Exponential.

i7 o IPHONE UNITS SOLD

Image Sources: http://seekingalpha.com and http://www.captees.com

Consumer Credit Debt has increased over recent years to record high levels.

ial Growth in Debt

Exponentia

Credit Card Debt was growing exponentially, until the Global
Financial Crisis dramatically slowed down consumer spending.

Total US Credit Market Debt
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image Sources: http://peakprosperity.com and http://www.thatslife.com.au

Exponents are also part of Food Technology and Microbiology.

Bacteria Exponential Growth

Once Bacteria and Mould start growing on food that is not
refrigerated, it reaches harmful levels very quickly.

Growth of bacteria over 3 million

overShrsat37 deg C
(mmnonwmm

Image Sources: http://foodhygieneasia.com and http://farmé.staticflickr.com
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Virus lliness, (as well as many email and computer viruses), can spread at ever increasing
rates causing major widespread infected areas.

This happens the same way that Viral Marketing branches out in ever increasingly wide
branches of more and more people passing something onto more and more other people.

Spread of Viruses and Disease

Viruses such as Flus, and HIV AIDS can spread at Exponential
Rates causing Epidemics affecting millions of people.

WORLDWIDE HIV INFECTION RATES FOR ADULTS - 2005

% of adults {5
infected .

Unavailable
0.0 - 0.1%

m 0.1-0.5%

m0.5-1%

m1l-5%

m5-15%

m 15 - 34%

SOURCE ' UNAIDS

Image Source: http://news.bbc.co.uk

In explosions we get an uncontrolled massively increasing output of energy and force within
a very short time period.

Picture this as a very steep exponential graph, compared to a burning match giving out energy
in a fairly flat straight line graph.

Exponential Energy Release

In an uncontrolled Nuclear Explosion, Energy increases at
an Exponential Rate as per Einstein’s Equation: E = mc?.

Image Source: http://www.zeusbox.com
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Exponential Growth

The situations we have been considering so far involve “Exponential Growth”. The equations
for graphs of these situations contain exponents, and this results in the graph starting off
slow, but then increasing very rapidly.

Eg. Think of Square Numbers and how they quickly get bigger and bigger:

1491625364964 81100121 132 etc . It only takes us nine square numbers to reach 100.
Exponential Growth situations when graphed look like the diagram below.

Exponential Increase Graphs

Straight Line graphs representsteady increases, but Exponential
Curve Graphs show growth happening at a faster and faster rate.
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Image Sources: tutorvista.com http //www.rulesofthercad.ie http//coachquestions.com http //pixabay.com

The opposite of “Exponential Growth”, is when we apply exponents to fractions which
results in “Exponential Decay”.

Exponential Decay

Using negative power values results in fractions, and when these fractions have exponents
applied to them we get “Decay”.

In a “Decay” process the amount involved drops off fairly quickly at the start, but then the
drop off becomes slower and slower. A typical Exponential Decay graph looks like this:

Exponential Decrease or Decay

There is also Exponential Decrease, or “Decay”, which occurs when
we raise Fractions to Powers. In this type of decrease, things drop
down reasonably fast at first, but then get slower and slower.
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mage Source: http://letsmakerobots.com

68


http://passyworldofmathematics.com/Images/pwmImagesFive/RealWorldExponentsFourteen550x410JPG.jpg
http://passyworldofmathematics.com/Images/pwmImagesFive/RealWorldExponentsFourteen550x410JPG.jpg
http://passyworldofmathematics.com/Images/pwmImagesFive/RealWorldExponentsFifteen550x397JPG.jpg
http://passyworldofmathematics.com/Images/pwmImagesFive/RealWorldExponentsFifteen550x397JPG.jpg

A fun way to make an Exponential decay graph is to take a pack of M&M’s or Skittles and
keep pouring them out of a cup, but each time removing any candies which land with the
letter side showing.

Exponential Decay - Real Life Examples

Some examples of Exponential Decay in the real world are the following.

Inverse Square Decrease
The volume of sound decreases in a 1 / Distance x Distance, or
1/ d?, or d2 relationship. Move 4 times further away, and the
sound level is only 1/16™ of what it was. Sound dies off “quickly”
as we move away from a loud party or car, but takes a while to
drop down to complete silence.
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image Sources: http://letsmakerobots.com and http://blog.my.88db.com

Inverse Square Decrease

The light intensity from a Projector, or detected by a Camera,
also follows the Inverse Square of a 1/ d? type relationship.

Distance From Source
L »l
| 2D
= Area
D
A
llumance:-(lux) L L4 L9

Image Sources: http://letsmakerobots.com and http://italy.techinlifes.com

Exponential Decay

If a knock-out Tennis Competition starts with 64 players, how
many rounds will it take to reach the Grand Final ?

Round (o] 1 2 3 4 5
Players 64 32 16 8 4 2

Fraction 64/(2°) 64/(27) 64/(27) 64/(2%) 64/(2%) 64/(25)

J
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&

IMAZE SOUCE: WWW. UNIoN.IC.ac.uk
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Exponential Decay and Half Life

Many harmful materials, especially radioactive waste, take a very long time to break down to
safe levels in the environment. This is because these materials undergo exponential decay,
and even a small amount of the material still remaining can be harmful.

Half Life Exponential Decay

De‘:a bv The pesticide DDT was uwndely used i the Unated States unti sts banm 1972 DDT
y - i3 toxac to a wide range of anmmals and aquatic kfe, and 15 suspected to cause cancer
half_life: in humans. The salf~life of DDT can be 15 or more years Haif-fife is the amount
of time it takes for half of the amount of a substance to decay. Scientists and
environmentalists wornry about such substances because these hazardous matenals

c i to be 4 us for many years after thexr disposal

3 For this example, we will set the half-Iife of the pesticide DDT to be 15 years

Let's th tic ally i the half-life of 100 grams of DDT.
End of Half life 1 2 3 4 s L3 7 8 2 10
cycle 15yre O yre 4Syrs Oyrs 75yrs POyxs | 105yrs | 120 yxs 135 yve 150 yvs
Grame of DOT
B e M R ] g ] il [ et o] oisaad| sl oo pncabiuc ot
atians 100 (100 100 100 100 100 100 100 100 100
= |rlzizllz=lz= |7 |7 7= 3=

armour?

By looking at the pattern. we see that this decay can be represented as a function )y =
2 S x

Image Source: http://www.iegentsprep.org

Exponential Scales
The Richter Scale is used to measure how powerful earthquakes are.

The actual energy from each quake is a power of 10, but on the scale we simply take the
index value of 1, 2, 3, 4, etc rather than the full exponent quantity.

This means that a Richter Scale 6 earthquake is actually 10 times stronger than a Richter
Scale 5 quake. (Eg. 1000000 vs 100000).

Likewise, a Richter Scale 7 earthquake is actually 100 times stronger than a Richter Scale 5
quake. (Eg. 10000000 vs 100000).

Exponents and Earthguakes

The “Richter Scale” quantifies the amount of seismic energy, (as
the Indexes of Powers of 10), that is released by an earthquake.

Image Source: http://Ih3 googleusercontent.com

The pH Scale for measuring the Acidity of materials is also created by taking the Power
Values from measured powers of 10 acid concentration values.
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<ExerC|se 3. 3>

Evaluate the following using the index laws. Leave your answers in base-index form.
2% 2 b. 3°+3* c. (-37)
6° %67 e. 474 d. (52

. Simplify the following

6x°% x 2x° b. 18b° +3b c. 3a’bx5ab®
12x*y°z® . 18n°j* 10h|8 f 6f°g°  2gf°
4x2y°z° " BhY® 6n2j " 3r%s 12r°s®
(2x3y ) y 4x?y?

12x3y 3xy

. Write the following in base-index form using the number in brackets as the base.
. 64(4) b. 125 (5) c. 2401 (7)
d. 1/8 (2) e. 1/81 (3) f. 1/6 (6)

. Evaluate the following
42 b. (3°) +3° c. (5'f x4?+5°
- 2x° +(5xy?) e. —7x°—(100y)"°
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GLOSSARY

Compound interest

When the interest rate is applied to the original principal and any
accumulated interest

Exponent

A number placed above and to the right of another humber to show
that it has been raised to a power

Exponential Decay

It occurs when a population decreases at a consistent rate over time.
For exponential decay, the total value decreases but the proportion
that leaves remains constant over time

Exponential function

Use to model a relationship in which a constant change in the
independent variable gives the same proportional change (i.e.
percentage increase or decrease) in the dependent variable.

Exponential Growth

It is a growth that increases at a consistent rate, and it is a
common occurrence in everyday life

Half Life

The amount of time it takes for the amount of the substance to
diminish by half

Index (exponent, power)

The index of a humber says how many times to use the humber in a
multiplication

Numeral

A symbol used to represent a number

Pro - humeral

A letter that is used to represent a humber (or humeral) in a
problem
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