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STRAND 2       ALGEBRA 
 

  Sub Strand     

Manipulation of Algebraic Expressions  

 

 

 

HISTORY OF ALGEBRA 

The word "algebra" is derived from the Arabic word Al-Jabr, and this comes from the 
treatise written in 820 by the medieval Arabian mathematician, Muhammad ibn Mūsā 
al-Khwārizmī, entitled, in Arabic Kitāb al-muḫtaṣar fī ḥisāb al-ğabr wa-l-muqābala, 
which can be translated as The Compendious Book on Calculation by Completion and 
Balancing. 
The Alexandrian mathematicians Hero of Alexandria and Diophantus continued the 
traditions of Egypt and Babylon, but Diophantus's book Arithmetica is on a much 
higher level and gives many surprising solutions to difficult indeterminate equations. 
This ancient knowledge of solutions of equations in turn found a home early in the 
Islamic world, where it was known as the "science of restoration and balancing." (The 
Arabic word for restoration, al-jabru, is the root of the word algebra.) In the 9th 
century, the Arab mathematician al-Khwarizmi wrote one of the first Arabic algebras, 
a systematic exposé of the basic theory of equations, with both examples and proofs. 
By the end of the 9th century, the Egyptian mathematician Abu Kamil had stated and 
proved the basic laws and identities of algebra and solved such complicated problems 
as finding x, y, and z such that x + y + z = 10, x2 + y2 = z2, and xz = y2. 
Ancient civilizations wrote out algebraic expressions using only occasional 
abbreviations, but by medieval times Islamic mathematicians were able to talk about 
arbitrarily high powers of the unknown x, and work out the basic algebra of 
polynomials (without yet using modern symbolism). This included the ability to multiply, 
divide, and find square roots of polynomials as well as knowledge of the binomial 
theorem. The Persian mathematician, astronomer, and poet Omar Khayyam showed how 
to express roots of cubic equations by line segments obtained by intersecting conic 
sections, but he could not find a formula for the roots. A Latin translation of Al-
Khwarizmi's Algebra appeared in the 12th century.  

 

LEARNING 
OUTCOMES 

- Simplfy algebraic expressions 
- Expanding and factorizing using various 

methods  
- use factorizing methods like common factor 

,perfect square ,difference of two squares 
-  factorize simple quadratic equations 
- Solve equations and in equations  
- Manipulate Arithmetic and geometric 

sequence  
- Operate with matrices 

 
 
 
 
 
 
 
 
 

Able to simplify by adding, subtracting, 
multiplying and dividing algebraic 
expression 
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What is the function of parentheses ( ) in algebra? 

 

Parentheses signify that we should treat what they enclose 
as one number. 

3 + (4 + 5) = 3 + 9 = 12.     3(4 + 5) = 3 ·  9 = 27. 

When there is no operation sign between 3 and (4 + 5), it means multiplication. 

 

What are the four operations of arithmetic, and what are their operation signs? 

1.    Addition:  a + b.   The operation sign is + , and is called the plus sign.  Read a + b as "a plus 
 b."  

   For example, if a represents 3, and b represents 4, then a + b represents 7. 

2.   Subtraction:  a − b.   The operation sign is − , and is called the minus sign.  Read a − b as "a 
 minus b." 

              If a represents 8, for example, and b represents 2, then a − b represents 6 

3.    Multiplication:  a· b.  Read a· b as "a times b." 
The multiplication sign in algebra is a centered dot.  We do not use the multiplication cross 
×, because we do not want to confuse it with the letter x. 
And so if a represents 2, and b represents 5, then a· b = 2· 5 = 10. "2 times 5 equals 10." 
Do not confuse the centered dot -- 2·5, which means the decimal point:  2.5. 
However, we often omit the multiplication dot and simply write ab.  Read "a, b."  In other 
words, when there is no operation sign between two letters, or between a letter and a 
number, it always means multiplication.  2x  means  2 times x. 
 

4. Division: 
𝑎𝑎
𝑏𝑏

   read as  “a divided by b”. 

 
In algebra, we use the horizontal division bar.  If a represents 10, for example and b represents 2, 
then     "10 divided by 2 is 5." 

 

 

 

 

 

 

 

 

 𝒂𝒂
𝒃𝒃

  =    
𝟏𝟏𝟏𝟏
𝟐𝟐

 =   𝟓𝟓 

 

 

ALGEBRA is a method of written calculations that help us reason about numbers.  

At the very outset, the student should realize that algebra is a skill.  And like any skill -- 

driving a car, baking cakes, and playing football/rugby – it requires practice, a lot of 

practice, written practice.   

For example,  the rule for adding fractions 

a 
c  +  b 

c   =   a + b 
   c 

The letters a and b mean:  The numbers that are in the numerators. The letter c 

means:  The number in the denominator. The rule means: 

Whatever those numbers are, add the numerators  

and write their sum over the common denominator. 

Algebra is telling us how to do any problem that looks like that. That is one reason why we 

use letters.  

(The symbols for numbers, after all, are nothing but written marks. And so are letters As 

the student will see, algebra depends only on the patterns that the symbols make.) 

The numbers are the numerical symbols, while the letters are called literal symbols. 

Note: 

In algebra we call   a  +  b  a "sum" even though we do not name an answer.  As the student 
will see, we name something in algebra simply by how it looks.  In fact, you will see that 
you do algebra with your eyes, and then what you write on the paper, follows. 
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What is the function of parentheses ( ) in algebra? 

 

Parentheses signify that we should treat what they enclose 
as one number. 

3 + (4 + 5) = 3 + 9 = 12.     3(4 + 5) = 3 ·  9 = 27. 

When there is no operation sign between 3 and (4 + 5), it means multiplication. 

 

What are the four operations of arithmetic, and what are their operation signs? 

1.    Addition:  a + b.   The operation sign is + , and is called the plus sign.  Read a + b as "a plus 
 b."  

   For example, if a represents 3, and b represents 4, then a + b represents 7. 

2.   Subtraction:  a − b.   The operation sign is − , and is called the minus sign.  Read a − b as "a 
 minus b." 

              If a represents 8, for example, and b represents 2, then a − b represents 6 

3.    Multiplication:  a· b.  Read a· b as "a times b." 
The multiplication sign in algebra is a centered dot.  We do not use the multiplication cross 
×, because we do not want to confuse it with the letter x. 
And so if a represents 2, and b represents 5, then a· b = 2· 5 = 10. "2 times 5 equals 10." 
Do not confuse the centered dot -- 2·5, which means the decimal point:  2.5. 
However, we often omit the multiplication dot and simply write ab.  Read "a, b."  In other 
words, when there is no operation sign between two letters, or between a letter and a 
number, it always means multiplication.  2x  means  2 times x. 
 

4. Division: 
𝑎𝑎
𝑏𝑏

   read as  “a divided by b”. 

 
In algebra, we use the horizontal division bar.  If a represents 10, for example and b represents 2, 
then     "10 divided by 2 is 5." 

 

 

 

 

 

 

 

 

 𝒂𝒂
𝒃𝒃

  =    
𝟏𝟏𝟏𝟏
𝟐𝟐

 =   𝟓𝟓 
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In algebra, we write 

 a)  5 times  6?   5 ·  6 

 b)    x times y?    xy 

 c) x divide by y ?  x/y 

 d)    x plus 5  plus  x minus 2?  (x + 5) + (x − 2) 

 e)  x plus 5  times  x minus 2?  (x + 5)(x – 2) 

Terms versus factors. 

 
 

• When numbers are added or subtracted, they are called terms.  
 

• When numbers are multiplied, they are called factors. 
 
Here is a sum of four terms:  a − b + c − d. 
 
In algebra we speak of a "sum" of terms, even though there are subtractions.  In other 

words, anything that looks like what you see above, we call a sum. 

Here is a product of four factors:  abcd. 

The word factor always signifies multiplication. 

And again, we speak of the "product" abcd, even though we do not name an answer. 

In the following expression, how many terms are there?  And each term has how many 

factors?    2a + 4ab + 5a (b + c) 

There are three terms.  2a is the first term. It has two factors:    2 and a.  

4ab is the second term. It has three factors:                                    4, a, and b. 

And 5a(b + c) is all one term. It also has three factors:                   5, a, and  (b + c). 

The parentheses mean that we should treat whatever is enclosed as one number 
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Powers and exponents 

When all the factors are equal -- 2· 2· 2· 2 -- we call the product a power of that factor. 

Thus, a· a is called the second power of a,  or "a squared." a· a· a is the third power of a,  or 

"a cubed."  aaaa is a to the fourth power, and so on.  We say that a itself is the first power 

of a. 

  Now, rather than write aaaa, we write a just once and place a small 4:  

      a4 ("a to the 4") or (a to the fourth power) 

 

That small 4 is called an exponent.  It indicates the number of times to repeat a as a factor. 

83 ("8 to the third power" or simply "8 to the third") means 8· 8· 8. 

Name the first five powers of 2.   2, 4, 8, 16, 32.Read, then calculate each of the following. 

a)   52  "5 to the second power" or "5 squared" = 25. 

b)   23  "2 to the third power" or "2 cubed" = 8. 

c)   104  "10 to the fourth" = 10,000. 

d)   121  "12 to the first" = 12. 

The student must take care not to confuse 3a, which means 

 3 times a, with a3, which means a times a times a 

What do we mean by the value of a letter? 

The value of a letter is a number. It is the number that will replace the letter when 
we do the order of operations. 

 

                                   What does it mean to evaluate an expression? 

 

It means to replace each letter with its value, and then do the order of operations.  

 
 
 
 

 

3a = a + a + a, 
a3 = a· a· a. 
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Consider:  10x2y3 and 15xy2   
The greatest common factor is 5xy2 . 
The largest factor of 10 and 15 is 5. 
The highest power of x that is contained in both terms is x. 
The highest power of y that is contained in both terms is y2 

 

Example 1: 
monomial • monomial (2x2) • (4x3) 

  = (2• 4) • (x2 • x3) 
 =     8   •    x5   = 8x5 

Notice that the factors were 
regrouped and then 
multiplied.  Also, multiply powers 
with the same base by adding the 
exponents. 

Example 2: 
monomial • binomial 

  
             
                                  = x2 -  4x 

This problem requires the 
distributive property.  You need to 
multiply each term in the 
parentheses by the monomial 
(distribute the x across the 
parentheses). 

Example 3: 
monomial • trinomial 

 
 
 
 
 
                             = 3x3 -  9x2 + 3x 

Notice the distributive property at 
work again. 
 
 
 
 
 

Example 4: 
monomial • polynomial 

 
 
                       = 3x5 - 9x4 - 3x3 + 15x2 

Again, the distributive property is 
needed along with the rule for 
multiplying powers. 

FACTORISING  

Common Factors 
The Highest Common Factor (HCF)of two (or more) monomials is the product of the 

greatest common factor of the numerical coefficients (the numbers out in front) and the 

highest power of every variable that is a factor of each monomial. 

When factorizing 
polynomials          ,first 
look for the largest 
monomial which is a 
factor of each term of 
the polynomial.   Factor 
out (divide each term 
by) this largest 
monomial. 

 

 

 

 

Let x = 10,  y = 4,  z = 2.  Evaluate the following: 

 

In each case, copy the pattern.  Copy the + signs and copy the parentheses (  ).  When you 

come to x, replace it with 10.  When you come to y, replace it with 4. And when you come 

to z, replace it with 2. 

a) x + yz       = 10 + 4x2     c)    (x + y ) z  =  (10 +4) x2  

= 10 + 8                 = 14 x 2  

   = 18                  = 28 

 
 

b) x − 3(y − z)                                       d)             (x − 3)(y − z) 
 
        = 10− 3(4 − 2)      = (10 − 3)(4 − 2) 
        = 10-6       =  (7)(2) 
        =  4       =  14 

                

Expansion and factorisation of algebraic expressions 

Multiplying (expanding) monomials 

Multiplying by a monomial may involve: 
        1.  Applying rules for dealing with exponents. 

        2.  Using the distributive property. 
 
        3.  Remembering rules for multiplying signed numbers.  

 

Multiplying Signed   Distributive Property       Rules for Exponents 
Numbers                    a(b + c) = ab + ac 
           (+) • (+) = (+) 
           (+) • (-) = (-) 
           (-) • (+) = (-) 
           (-) • (-) = (+) 

 

 

Tools for Dealing 
with Monomials 
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Consider:  10x2y3 and 15xy2   
The greatest common factor is 5xy2 . 
The largest factor of 10 and 15 is 5. 
The highest power of x that is contained in both terms is x. 
The highest power of y that is contained in both terms is y2 

 

Example 1: 
monomial • monomial (2x2) • (4x3) 

  = (2• 4) • (x2 • x3) 
 =     8   •    x5   = 8x5 

Notice that the factors were 
regrouped and then 
multiplied.  Also, multiply powers 
with the same base by adding the 
exponents. 

Example 2: 
monomial • binomial 

  
             
                                  = x2 -  4x 

This problem requires the 
distributive property.  You need to 
multiply each term in the 
parentheses by the monomial 
(distribute the x across the 
parentheses). 

Example 3: 
monomial • trinomial 

 
 
 
 
 
                             = 3x3 -  9x2 + 3x 

Notice the distributive property at 
work again. 
 
 
 
 
 

Example 4: 
monomial • polynomial 

 
 
                       = 3x5 - 9x4 - 3x3 + 15x2 

Again, the distributive property is 
needed along with the rule for 
multiplying powers. 

FACTORISING  

Common Factors 
The Highest Common Factor (HCF)of two (or more) monomials is the product of the 

greatest common factor of the numerical coefficients (the numbers out in front) and the 

highest power of every variable that is a factor of each monomial. 

When factorizing 
polynomials          ,first 
look for the largest 
monomial which is a 
factor of each term of 
the polynomial.   Factor 
out (divide each term 
by) this largest 
monomial. 

 

 

ALGEBRA



38

 

Example 1:  

Factorize:   x2 - 9 

Both x2 and 9 are perfect squares.  Since subtraction is occurring between these squares, 

this expression is the difference of two squares. 

What times itself will give x2?  The answer is x. 

What times itself will give 9?  The answer is 3 

The factors are (x + 3) and (x - 3). Answer:  (x + 3) (x - 3)  or   (x - 3) (x + 3)   (order is not 

important) 

 
 
Example 2:  
Factorize 4y2 - 36y6  

There is a common factor of 4y2 that can be factored out first in this problem, to make the 
problem easier.                                                    

4y2 (1 - 9y4) 

In the factor (1 - 9y4), 1 and 9y4 are perfect squares (their coefficients are perfect squares 

and their exponents are even numbers).  Since subtraction is occurring between these 

squares, this expression is the difference of two squares. What times itself will give 1?  The 

answer is 1. 

What times itself will give 9y4?  The answer is 3y2. 

The factors are (1 + 3y2) and (1 - 3y2). 

Answer:                     4y2 (1 + 3y2) (1 - 3y2) or 4y2 (1 - 3y2) (1 + 3y2) 

 

 

 

These answers could also be negative values, 

but positive values will make our work easier 

 

 

 
Example: 1  Factorize:  4x + 8y 
 
The largest integer that will divide evenly into 4 and 8 is 4.  Since the terms do not contain 

a variable (x or y) in common, we cannot factor any variables. 

The greatest common factor is 4.  Divide each term by 4. 

Answer:  4(x + 2y) 

 

Example 2:          Factorize:  15x2y3 + 10xy2 

The largest integer that will divide evenly into 15 and 10 is 5.  The highest power of x 

present in both terms is the Highest  power of y present in both term is y2. The HCF is 

5xy2.  Divide each term by the LCF. 

Answer: 5xy2 (3xy + 2) 

 

DIFFERENCE OF TWO SQUARES  

 

 

This expression is called a difference of Two Squares (Notice the subtraction sign between 
the terms  a2 and b2.) 

 

The factors of   are                                       and  

 

 

 

 

 

ALGEBRA



39

 

Example 1:  

Factorize:   x2 - 9 

Both x2 and 9 are perfect squares.  Since subtraction is occurring between these squares, 

this expression is the difference of two squares. 

What times itself will give x2?  The answer is x. 

What times itself will give 9?  The answer is 3 

The factors are (x + 3) and (x - 3). Answer:  (x + 3) (x - 3)  or   (x - 3) (x + 3)   (order is not 

important) 

 
 
Example 2:  
Factorize 4y2 - 36y6  

There is a common factor of 4y2 that can be factored out first in this problem, to make the 
problem easier.                                                    

4y2 (1 - 9y4) 

In the factor (1 - 9y4), 1 and 9y4 are perfect squares (their coefficients are perfect squares 

and their exponents are even numbers).  Since subtraction is occurring between these 

squares, this expression is the difference of two squares. What times itself will give 1?  The 

answer is 1. 

What times itself will give 9y4?  The answer is 3y2. 

The factors are (1 + 3y2) and (1 - 3y2). 

Answer:                     4y2 (1 + 3y2) (1 - 3y2) or 4y2 (1 - 3y2) (1 + 3y2) 

 

 

 

These answers could also be negative values, 

but positive values will make our work easier 
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If you did not see the common factor, you can begin with observing the perfect squares. 

Both 4y2 and 36y6 are perfect squares (their coefficients are perfect squares and their 

exponents are even numbers).  Since subtraction is occurring between these squares, this 

expression is the difference of two squares. 

 

Example 3: What times itself will give 4y2?  The answer is 2y. 

What times itself will give 36y6?  The answer is 6y3. 

The factors are (2y + 6y3) and (2y - 6y3). 
Answer:                     (2y + 6y3) (2y - 6y3)  or  (2y - 6y3) (2y + 6y3)  

 
These answers can be further factored as each contains a common factor of 2y:  

      2y (1 + 3y2) • 2y (1 - 3y2) = 4y2 (1 + 3y2) (1 - 3y2) 

      

Be careful!! 
      This process of factoring does NOT apply to  

     a 2 + b 2. 

 

 

Factorizing Completely  

Some polynomials cannot be factored into the product of two binomials with integer 

coefficients, (such as x2 + 16), and are referred to as prime. 

Other polynomials contain a multitude of factors. 

"Factorizing completely" means to continue factoring until no further factors can be 

found.  More specifically, it means to continue factoring until all factors other than 

monomial factors are prime factors.  You will have to look at the problems very carefully to 

be sure that you have found all of the possible factors.    
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Factorise completely:   

1.  Search for the greatest common factor.  In this problem, the greatest common factor is   

5.                                           

 

2. Now, examine the binomial  x2 – 9  .  (Notice how the factor of 5 is tagging along and 

remains as part of the answer.) 

                                              

3. 

  

Since the binomials (x - 3) and (x + 3) cannot be factored further, we are done.  Express 

the answer as the product of all of the factors. 

 

 

 

 

To factor completely: 

1.  Search for a greatest common factor.  If you find one,  factor it 
out of the polynomial. 

2.  Examine what remains, looking for a trinomial or a binomial 
which can be factored. 

3.  Express the answer as the product of all of the factors you have 
found.  
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     EXERCISE       2.1      

 

1. Evaluate each of the following expressions using each of the values of x in the list : 

a. x2 + 2x + 3  ( x =-2,-1,0,1,2) b. 
𝑥𝑥 +  2
2𝑥𝑥 −5

         ( x = -2,-1,0,2,3) 

 c.      
3𝑥𝑥 −  2
𝑥𝑥2 −  4

 ( x = -1,0,1,2 ) 

 

 2. Simplify  
a.    −2ab − 8a    b. 24kj − 16k2j   

c.  –a 2b – b2 a    d.  12k2 j + 24k2 j2  

e.    72b2q − 18b 3q 2    f. 4(y − 3) + k(3 − y)   

g.  a 2(a − 1) − 25(a − 1)   h. b m(b + 4) − 6m(b + 4) j) 

 i. a2(a + 7) + 9(a + 7)   j. 3b(b − 4) − 7(4 − b)   

k.  a 2b 2c 2 – 1 

 

 

3. Simplify the following algebraic expressions 

a.  2x2 + 3x - 7 + 2x + 4    b.  x2 - 2x + 2x + 4 + x2  

c.  x2  - x + 2x + 3-  x2 – 5   d.  3x2 - 7x + 2 + 2x -5 - 2x2   

e.  3x2 - 7x + 3+ 2x2 - 5x – x2    f.  x2 + 4x +1- 2x2 - 2x + x2 +1   

g.  (5x - 2) - 2(x - 3)    h. (x2 -x -2) - (2x2 - x - 1)  

i.  (3x2- x + 5)- (x2 - 2x - 3)  j.  2(x2 - x - 2) - (x2 + 3x - 4)  

k.   2𝑥𝑥+  3
 7

 +   𝑥𝑥 −  4
 7

  l. 
𝑥𝑥 +  3
𝑥𝑥 − 1

−   𝑥𝑥 −  4
 𝑥𝑥 −  1

 

            

             m.        𝑎𝑎 −   𝑎𝑎𝑏𝑏
𝑏𝑏 − 𝑎𝑎
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4. Expand and simplify  

a.       3(5x + 4) -  2(2x + 3)   b .    3 ( 4x – 8) 
                                                                                                  4 

5.   Factorize the following  

a.  5y – 30   b.  2x3 - 6x   c .        4x4 - 6x3 + 2x2 + 2x 

d. 3x(x + 2) - 4(x + 2) e.  x2 – 25    f.  16 - x2  

g.  9y2 - 49   h. (x - 1 )2 - 4   i.  16y2 - 0.09  

j.  81c2 - 144m2  k. 4a2b2 - 49n6  l. 5c + 5d 

m. g3 – g   n. 6x2 - 6y2  o. 3x2 – 27 

p. y4 – 81   q. 25x6 - 121y4  r. 3b2 + 15b + 12  

s. 5c - 4 - 2c + 1 = 8c + 2 
 
 

6. Factorize the following 

a.       6x + a + 2ax + 3   c. x2− 6x + 5x – 30 

b.       5x + 10y − ax − 2ay                      d. a2 − 2a − ax + 2x 

e .        5xy − 3y + 10x – 6   f .         ab – a2 − a + b 

   7.   Factorize the following 
a.  5x – x2     b. 25 – 5 x2  
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Example 1 

To solve for    x, it is necessary to subtract 

 6 from both sides of the equation 

 

Example 2 

To solve for x, you need to add 6 to 

      both sides of the equation and then divide both sides by 2. 

 

     Example 3 To isolate x, you need to 

        (1) multiply through by 6,  

        (2) subtract 2 from both sides, and  

 (3) divide both sides by 5.  

 

     Example 4 

    To solve for x this time, you need to 

1. multiply both sides of the equation by 4 and 3 to 

cancel out the denominator in line 2. 

2. use the distributive law, by adding and subtracting, 

move the x terms to one side, and the non-x terms to the other side in line  

a. use the associative law to simplify to get line 7, and  

b.       divide both sides by 2. 

 

 

 

 

 

 

 

Sub Strand    Equations and In-equations 

 

The key to solving simple algebraic equations 

containing a single unknown (e.g. x + 6 = 10) is 

to realize that the equation is an equality. As 

long as you do the same mathematical 

operation (e.g. add a constant, subtract a 

constant, multiply by a constant, and divide by  

a constant)to both sides of the equation, the equality is still an equality.  

This includes squaring both sides of the equation or taking the square root of both sides of 

the equation. 

   

How to solve Algebraic Equations 

First, let's take a look at the equation we want to solve. We want to solve for x. By 
this, we simply want to get the 'x' alone on one side of the equal sign 

5x + 10 – 5 = 30 

The key to solving this and any equation is to use 'reverse operations.' This means 
to do the opposite. For example, in this equation we would want to add 5 to each 
side to cancel out the -5. Understand? Not too tough!! 

5x + 10 = 35 

Now that we have rid of the -5, let's get rid of the +10 by subtracting 10 from both 
sides. 

5x = 25 

Now that we have subtracted 10 from both sides we want to get rid of the 5 to 
get 'x' by itself. The '5x' means '5 times x'. The opposite of multiplication is 
division. We now want to divide both sides by 5 to get 'x' by itself. 

 

 

- Able to solve linear 
equation 

- To solve quadratic and 
cubic equations in 
factored form 

- Solve simple linear in - 
equations and show the 
solution on a Cartesian 
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Example 1 

To solve for    x, it is necessary to subtract 

 6 from both sides of the equation 

 

Example 2 

To solve for x, you need to add 6 to 

      both sides of the equation and then divide both sides by 2. 

 

     Example 3 To isolate x, you need to 

        (1) multiply through by 6,  

        (2) subtract 2 from both sides, and  

 (3) divide both sides by 5.  

 

     Example 4 

    To solve for x this time, you need to 

1. multiply both sides of the equation by 4 and 3 to 

cancel out the denominator in line 2. 

2. use the distributive law, by adding and subtracting, 

move the x terms to one side, and the non-x terms to the other side in line  

a. use the associative law to simplify to get line 7, and  

b.       divide both sides by 2. 
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3. This process is called "cross-multiplying." This entails multiplying the numerator of 

one side of the equality by the denominator of the other side of the equality. When 

this is done, the very same line 3 results. The rest 

of the problem is done identical. 

 

 

 

 

 
 
 
 
 
 
Example 5  
 
This problem could be very complicated  

and become a quadratic equation. However, because 

it has a perfect square on both sides, if you simply  

take the square root of both sides of the equality,  

you are left in line 3 with a straightforward algebra  

problem as you solve for the positive root  
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Equations involving absolute value  

When you take the absolute value of a number, you always end up with a positive number 

(or zero). Whether the input was positive or negative (or zero), the output is always 

positive (or zero). For instance, | 3 | = 3, and | –3 | = 3 also. 

• Solve | x + 2 | = 7 

To clear the absolute-value bars, I must split the equation into its two possible two 
cases, one case for each sign: 

(x + 2) = 7      or     –(x + 2) = 7  
  x + 2 = 7       or        –x – 2 = 7  
         x = 5      or               –9 = x                     Then the solution is x = –9, 5. 

• Solve | 2x – 3 | – 4 = 3 

First, I'll isolate the absolute-value part; that is, I'll get the absolute-value expression 
by itself on one side of the "equals" sign, with everything else on the other side: 

| 2x – 3 | – 4 = 3  
| 2x – 3 |       = 7  

Now I'll clear the absolute-value bars by splitting the equation into its two cases, 
one for each sign: 

(2x – 3) = 7                or      –(2x – 3) = 7  
   2x – 3 = 7                or         –2x + 3 = 7  
         2x = 10              or                –2x = 4  
           x = 5                 or                    x = –2  

So the solution is  x = –2, 5. 

 

Remember: 

Absolute value is always positive (or zero). An equation such as│ x – 2 │ = -6     
is never true.  It has NO solution.  The answer is the empty set    .  
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Solve x2 – 4 = 0. 

This equation is in "(quadratic) equals (zero)" form, so it's ready to solve. The 

quadratic itself is a difference of squares, so apply the difference-of-squares 

formula: 

x2 – 4 = 0 
 (x – 2)(x + 2) = 0 
               x – 2 = 0   or   x + 2 = 0 
           x = 2   or          x = –2 

Then the solution is x = –2, 2   

Note:   This solution may also be written as   "x = ± 2". 

 

Solve  x2 – 5x = 0. 

This two-term quadratic is easier to factor than were the previous quadratics: I can 

factor an x out of both terms, taking the x out front. (Warning: Do not "divide the x 

off", do not make it magically "disappear", or you'll lose one of your solutions!) 

x(x – 5) = 0 
           x = 0   or   x – 5 = 0 
           x = 0   or   x = 5 

Then the solution to  x2 – 5x = 0 is  x = 0, 5 

 

 

 

 

 

    Test Your Knowledge  
 
A set of football matches is to be organized in a "round-robin" fashion, i.e., every participating team 
plays a match against every other team once and only once. 
If a total of 45 matches were played, how many teams participated? 
 

 

 

Solving Quadratic Equations 

A quadratic equation is an equation containing a single variable of degree 2. Its general 
form is  

ax2 +bx+c = 0 

where x is the variable and a, b, and c are constants (a≠0). 

Example:           Solve (x – 3)(x – 4) = 0. 

If I multiply two things together and the result is zero, what can I say about those two 

things? I can say that at least one of them must also be zero. That is, the only way to 

multiply and get zero is to multiply by zero. (This is sometimes called "The Zero Factor 

Property.) 

Warning: You cannot make this statement about any other number! You can only make the 

conclusion about the factors ("one of them must equal zero") if the product itself equals 

zero. You must always have the equation in the form "(quadratic) equals (zero)" before you 

can attempt to solve it.The Zero Factor Property tells me that at least one of the factors 

must be equal to zero. 

Since at least one of the factors must be zero, I will set them each equal to zero: 

x – 3 = 0    or         x – 4 = 0 

This gives me simple linear equations, and they're easy to solve: 

x = 3        or    x = 4 

 
And this is the solution they're looking for:    x = 3, 4 

Note that "x = 3, 4" means the same thing as "x = 3 or x = 4"; the only difference is the 

formatting. The "x = 3, 4" format is more-typically used. 
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Solve x2 – 4 = 0. 

This equation is in "(quadratic) equals (zero)" form, so it's ready to solve. The 

quadratic itself is a difference of squares, so apply the difference-of-squares 

formula: 

x2 – 4 = 0 
 (x – 2)(x + 2) = 0 
               x – 2 = 0   or   x + 2 = 0 
           x = 2   or          x = –2 

Then the solution is x = –2, 2   

Note:   This solution may also be written as   "x = ± 2". 

 

Solve  x2 – 5x = 0. 

This two-term quadratic is easier to factor than were the previous quadratics: I can 

factor an x out of both terms, taking the x out front. (Warning: Do not "divide the x 

off", do not make it magically "disappear", or you'll lose one of your solutions!) 

x(x – 5) = 0 
           x = 0   or   x – 5 = 0 
           x = 0   or   x = 5 

Then the solution to  x2 – 5x = 0 is  x = 0, 5 

 

 

 

 

 

    Test Your Knowledge  
 
A set of football matches is to be organized in a "round-robin" fashion, i.e., every participating team 
plays a match against every other team once and only once. 
If a total of 45 matches were played, how many teams participated? 
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Linear Inequalities 

A Linear Inequality is like a Linear Equation (such as y = 2x+1) ... 

... but it will have an Inequality like <, >, ≤, or ≥ instead of an  “=”. 

The following are examples of linear inequalities. 

2x + 2 ≤ 1  3x + 1 ≥ 2  x − 6 <7x + 2 

The methods used to solve linear inequalities are identical to those used to solve linear 

equations. 

The only difference occurs when there is a multiplication or a division that involves a minus 

sign. 

When you divide or multiply both sides of an inequality by any number with a minus 

sign, the direction of the inequality changes. 

Graphing an inequality starts by graphing the corresponding straight line.  After graphing the line, 

there are only two additional steps to remember. 

 

 

 

 

 

 

 

 

 

 

 

 

 

1. 
Choose a point not on the line and see if it makes the inequality true.  If the inequality is true, 
you will shade THAT side of the line -- thus shading OVER the point.  If it is false, you will shade 
the OTHER side of the line -- not shading OVER the point. 

2. If the inequality is LESS THAN OR EQUAL TO or GREATER THAN OR EQUAL TO, the line is drawn 
as a solid line.  If the inequality is simply LESS THAN or GREATER THAN, the line is drawn as a 
dashed line. 
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Graph the Inequality 3y x≤ +  

 

 

 

 

 

 

 

 

Graphing an Inequality 

1.  Solve the equation for y (if necessary). 
2.  Graph the equation as if it contained an = sign. 

3.  Draw the line solid if the inequality is  or  
4.  Draw the line dashed if the inequality is <or >  
5.  Pick a point not on the line to use as a test point. 
     The point (0,0) is a good test point if it is not on 
     the line. 
6.  If the point makes the inequality true, shade that 
     side of the line.  If the point does not make the 
     inequality true, shade the opposite side of the line. 

 

 

 

 

 

Graph the inequality 
                         y ≤ 3x – 1 

1.  Graph the line y = 3x - 1. 
2.  Pick a test point.  (0,0) was used. 
3.  The test point is false in the inequality 
                        0 ≤  3(0) - 1 

                        0 ≤   -1   false 
4.  Since the test was false, do not shade 
OVER the point (0,0) -- shade the opposite 
side of the line. 
5.  The line, itself, is SOLID because this 
problem is "less than or EQUAL TO." 
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EXERCISE                  2.2 

 

1.      Solve the following equations  

a.   2y − 3 = 7    b.  −3w = 0  c.  4z = 16   d.  12t + 0 = 144 

e.   7 + 5x = 62      f. 55 = 5y + 3  g.  5z = 3z + 45    h.  23a − 12 = 6 + 2a 

i.    18 − 2p = p + 2   j. 4q = 16  k.  3f − 10 = 10   l.  −(−16 − r) = 13r –1 

m.  6d − 2 + 2d = −2 + 4d + 8   n. 3v + 16 = 4v − 10 

o.  10k + 5 + 0 = −2k + −3k + 80           p. 8(j − 4) = 5(j − 4) 

q.  6 = 6(m+ 7) + 5m                 r.  12 − 6b + 34b = 2b − 24 − 64 

s.   6c + 3c = 4 − 5(2c − 3).           t. (3x + 2)(3x −4) = 0   

u.   (5a −9)(a + 6) = 0                 v.  (2x + 3)(2x −3) = 0   

w.   Solve for x: (2x −3)(2x −3) = 0          x.  Solve for x: 20x+ 25x2 = 0 

y.    (x −2)(2x + 3)(3x −1) = 0  

1.  Solve : 
(a)    5│ c – 2 │ = 30     (f) │ 3x – 1 │+5 + 3 
(b)   | -4a + 20 |  = 10    (g) | -7y + 21 |  = 2 
(c)    | 8f |  = 17     (h) | -c - 4 |  = 18 
(d)    │b – 21 │ = 3     

                     5 
(e)       2x + 3    =  6 

           5  

3. Solve the following word problems  
 

a.  Jack spent half of his allowance going to the movies. He washed the family car and 
earned 8 dollars. What is his weekly allowance if he ended with13 dollars ?  
 

b. Oceanside Bike Rental Shop charges 16 dollars plus 9 dollars an hour for renting a 
bike. Benny paid 79 dollars to rent a bike. How many hours did he pay to have the 
bike checked out ? 
 

c. The sum of three consecutive even numbers is 132.What is the smallest of the three 
numbers ?  
 

d. Muskaan had 157 dollars to spend on 6 books. After buying them she had 13 
dollars. How much did each book cost ? 
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e. On Monday, 368 students went on a trip to the university open day. All 6 buses 
were filled and 8 students had to travel in cars. How many students were in each 
bus ? 

 
f. The sum of three consecutive odd numbers is 69.What is the smallest of the three 

numbers ?  
 

g. The sum of three consecutive numbers is 129.What is the smallest of the three 
numbers ?  
 

h.  Ramesh sold half of his comic books and then bought 6 more. He now has17. How 
many did he begin with ?  
 

i. Sereana bought a soft drink for 4 dollars and 7 bars of chocolate. She spent a  total 
of 39 dollars. How much did each candy bar cost ? 
 

j. The cost of adding a garage to a home is 5 times as much as the cost of painting the 
house.  If the garage addition costs $15,000, find the cost of painting the house. 
 

k. The length of a rectangle is 5 times the width.  If the width is 7 meters, what is the 
length? 

 
 

4 Solve:    a). 
 

              b).       2 (x +1)  - x   =  12 
                                3         6 
         

5 Solve : 
 

(a)                  (b)              (c) 
 
 

6 Solve the inequality : 
(a)    -9 < 5 - 7y ≤ 12  (b)  2x + y> 4   (c ) 5x > 10 

(d)    3x + 2 > 8   (e) 3x - 7 < 5   (f) 3(4 - y) ≥ 9 

(g)   -4x > -12   (h) -5y − 7 ≤ 3   (i)  x – 2   ≤ -3  
                                    5  
           (j) -4 ≤ 3x + 2 < 5 
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Sub Strand                           Sequences  
 
   Sub Strand     
 

A Sequence is a set of things (usually numbers) 

that are in order.  

While some sequences are simply random  

values other sequences have a definite pattern that is used to arrive at the sequence's 

terms. 

Two such sequences are the arithmetic and geometric sequences. 

 
 
 
 
 
 
 

Sigma Notation 

This symbol Σ (called Sigma) means "sum up". 

Sum whatever appears after the Sigma: so we sum n. 

But What is the Value of n ? 

The values are shown below and above the Sigma: 

�𝑙𝑙 = 1 +  2 +  3 +  4 =  10
4

𝑛𝑛=1

 

 It says n goes from 1 to 4, so that is 1, 2, 3 and 4 

So now we add up 1, 2, 3 and 4: 

 

- Understand what a sequence is 
- Evaluate using Sigma Notation  
- Identify simple AS and GS and 

use term and sum formulas. 
 
 
 
 
 
 
 
 

    Test Your 

Knowledge  
 
What’s the next number in 
the number sequence 
pattern below? 

n∑  

 

 

 

 7.      Graph the following Inequalities 

  (a) 2x + y > 4 

(b) 2y ≤ 4x + 6 

(c)  y > 2x – 1 

(d) 2x + 3y > 12 

(e)  - x < y  

(f) -x + 3y  ≤ 5 

  

 8  Describe the Inequality shown. 
 
 

(a)       (b)  
(b)  

 
 
 
 
 
 
 
 
 
 
 
 
 
 (c)       (d) 
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Sub Strand                           Sequences  
 
   Sub Strand     
 

A Sequence is a set of things (usually numbers) 

that are in order.  

While some sequences are simply random  

values other sequences have a definite pattern that is used to arrive at the sequence's 

terms. 

Two such sequences are the arithmetic and geometric sequences. 

 
 
 
 
 
 
 

Sigma Notation 

This symbol Σ (called Sigma) means "sum up". 

Sum whatever appears after the Sigma: so we sum n. 

But What is the Value of n ? 

The values are shown below and above the Sigma: 

�𝑙𝑙 = 1 +  2 +  3 +  4 =  10
4

𝑛𝑛=1

 

 It says n goes from 1 to 4, so that is 1, 2, 3 and 4 

So now we add up 1, 2, 3 and 4: 

 

- Understand what a sequence is 
- Evaluate using Sigma Notation  
- Identify simple AS and GS and 

use term and sum formulas. 
 
 
 
 
 
 
 
 

    Test Your 

Knowledge  
 
What’s the next number in 
the number sequence 
pattern below? 

n∑  
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You could square n each time and sum the result: 

                                                   
4 2 2 2 2 2

1

   
30n 1 2 3 4

      
n=

== + + +∑  

 
You could "add up the first four terms in the sequence   2n+1".  The formula is easy to use 
... just "plug in" the values of a, r and n. 

     
4

1

   
242n+1 3 5 7 9

      
n=

== + + +∑  

 
 
Arithmetic Sequence 
 
The simplest type of numerical sequence is an arithmetic sequence. 

 

An arithmetic (or linear) sequence is a sequence of numbers in which each new term is 

calculated by adding a constant value to the previous term. 

 

Example 1:  1, 2, 3, 4, 5, 6, . . .is an arithmetic sequence because you add 1 to the current 

term to get the next term: 

second term: 2 = 1 + 1     third term: 3 = 2 + 1               nth term: n = (n − 1) + 1 
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More formally, the number we start out with is called a1(the first term), and the difference 

between each successive term is denoted d, called the common difference. 

 

The general arithmetic sequence looks like: 

a1= a1 

a2= a1+ d 
a3= a2+ d = (a1+ d) + d  = a1+ 2d 
a4= a3+ d = (a1+ 2d) + d = a1+ 3d 

. . . 
an= a1+ d ·(n −1) 

 
 

Thus, the equation for the nth-term will be: 
 
 

      an= a1+ (n − 1)d  
 
 

Given a1 and the common difference, d, the entire set of numbers belonging to an 
arithmetic sequence can be generated. 

 
 
A simple test for an arithmetic sequence is to check that the difference between 
consecutive terms is constant: 

a2 − a1= a3 − a2= an − an −1 = d 
 

 

 

 

 
 
 
 
 
 
 

General Equation for the nth-term of an Arithmetic Sequence 
 

To find the sum of a certain number of terms of an arithmetic sequence: 

 

           Here Sn is the sum of n terms (nth partial sum),  a1 is the first term,  an is the nth term. 

 

ALGEBRA



58  

Test Your Knowledge 

Can you find the value of the following set: 
 1 + 2 + 3+. . . +200 = ? ? 

 
 
 
 
We are missing a12, for the sum formula, so we use the "any term" formula to find it. 

Now, let's find the sum: 

 
 
 

 

 

 

 

 

 

Geometric Sequence 
In a Geometric Sequence each term is found by multiplying the previous term by a 
constant. 
 
Example: 

2, 4, 8, 16, 32, 64, 128, 256, ... 

This sequence has a factor of 2 between each number. 

Each term (except the first term) is found by multiplying the previous term by 2. 

In General you could write a Geometric Sequence like this: 

{a, ar, ar2, ar3, ... } 

where: 

• a is the first term, and  
• r is the factor between the terms (called the "common ratio") 

 

 

 

So we would get: 

{a, ar, ar2, ar3, ... } 

= {1, 1×2, 1×22, 1×23, ...} 

= {1, 2, 4, 8, ... } 

 

There’s an easier way 
to solve this  

12
12(2 4) 156

2
S +

= =  

 

 
 
 
 
Examples  
 
1.  Find the common difference for this arithmetic sequence 
                             5, 9, 13, 17 ... 

The common difference, d, can be found by subtracting the first term from the 

second term, which in this problem yields 4.  Checking shows that 4 is the 

difference between all of the entries. 

 
2.   Find the common difference for the arithmetic sequence whose formula is  
                            an = 6n + 32. 

The formula indicates that 6 is the value being added (with increasing multiples) as 

the terms    increase.  A listing of the terms will also show what is happening in the 

sequence (start with n = 1)   9, 15, 21, 27, 33, ... 

The list shows the common difference to be 6. 

 
 

3.   Find the 10th term of the sequence 

                          3, 5, 7, 9, ...3. n = 10;  a1 = 3, d = 2 

      The tenth term is 21. 

4.   Find a7 for an arithmetic sequence where 

      a1 = 3x and d = -x.  

      n = 7;  a1 = 3x, d = -x 

 
 
5.  Find the sum of the first 12 positive even  
      integers. 
 
      The word "sum" indicates the need      
      for the sum formula. 
 
      positive even integers:  2, 4, 6, 8, ... 
      n = 12;  a1 = 2, d = 2 
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Test Your Knowledge 

Can you find the value of the following set: 
 1 + 2 + 3+. . . +200 = ? ? 

 
 
 
 
We are missing a12, for the sum formula, so we use the "any term" formula to find it. 

Now, let's find the sum: 

 
 
 

 

 

 

 

 

 

Geometric Sequence 
In a Geometric Sequence each term is found by multiplying the previous term by a 
constant. 
 
Example: 

2, 4, 8, 16, 32, 64, 128, 256, ... 

This sequence has a factor of 2 between each number. 

Each term (except the first term) is found by multiplying the previous term by 2. 

In General you could write a Geometric Sequence like this: 

{a, ar, ar2, ar3, ... } 

where: 

• a is the first term, and  
• r is the factor between the terms (called the "common ratio") 

 

 

 

So we would get: 

{a, ar, ar2, ar3, ... } 

= {1, 1×2, 1×22, 1×23, ...} 

= {1, 2, 4, 8, ... } 

 

There’s an easier way 
to solve this  

12
12(2 4) 156

2
S +

= =  
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Example:        {1, 2, 4, 8,….} 

The sequence starts at 1 and doubles each time, so: 

• a = 1 (the first term)  
• r = 2 (the "common ratio" between terms is 2) 

 

The Rule 

You can also calculate any term using the Rule: 

 

 

(We use "n-1" because ar0 is for the 1st term) 

Example : 

   10, 30, 90, 270, 810, 2430, … 

  This sequence has a factor of 3 between each number. 

The values of a and r are: 

a = 10 (the first term)  

r = 3 (the "common ratio" 

 

 

A Geometric Sequence can also have smaller and smaller values: 

     Example: 

4, 2, 1, 0.5, 0.25, ... 

This sequence has a factor of 0.5 (a half) between each number. 

Its Rule is xn = 4 × (0.5)n-1 

 

 

 

xn = ar(n-1) 

 

xn = 10 × 3(n-1) 
 
So, the 4th term would be: 
x4 = 10×3(4-1) = 10×33 = 
10×27 = 270 
And the 10th term would 
be: 

x10= 10×3(10-1) = 10×39 = 
10×19683 = 196830 
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Sum of a Geometric Sequence  

To find sum of a geometric sequence : 

a + ar + ar2 + ... + ar(n-1) 

Each term is arn, where n starts at 0 and goes up to n-1. 

Use this formula 

a is the first term  
r is the "common ratio" between terms  
n is the number of terms 

 

Example: Sum the first 4 terms of 

10, 30, 90, 270, 810, 2430, ... 

This sequence has a factor of 3 between each number. 

The values of a, r and n are: 

• a = 10 (the first term) 
• r = 3 (the "common ratio") 
• n = 4 (we want to sum the first 4 terms) 

So: 

 

Becomes: 

 

You could check it yourself: 

10 + 30 + 90 + 270 = 400 

And, yes, it was easier to just add them in this case, because there were only 4 terms. But 

imagine you had to sum up lots of terms, and then the formula is better to 
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     EXERCISE           2.3   
 
 
1.  For each of the following sequences, determine whether it is arithmetic, geometric, or    

 neither:  
 

(a) 5, 9, 13, 17, …  
 

(b) 1,   2, 4,   8, …   
 

(c) 1, 1, 2, 3, 5, 8, 13, 21, …    
(d) 81,   9, 3, ⅓ , …   
(e) 512, 474, 436, 398, : 

 

2. For each of the following arithmetic sequences, find the values of a, d, and the Sn    
indicated. 

a. 1, 4, 7, … , (S10)    f. 6, 8, 10, … , (S12) 

b. 8, 6, 4, … , (S12)    g. 2, 2 1
2
, 3, … , (S19) 

c. 8, 4, 0, … , (S20)    h. 6, 5 3
4
, 5 1

2
, …,(S10) 

d. 20, 15, 10, … ,(S6)    i. 7, 6 1
2
, 6, … , (S14) 

e. 40, 30, 20, … ,( S18)    j. 0, 5, 10, …, (Sn) 

3. Find the first term, ratio and term indicated for each of the geometric progressions. 

a. 1, 3, 9, … , (S10)    f. 0.005, 0.05, 0.5, … , (S11) 

b. 4, 8, 16, … , (S10)    g. 6, 12, 24, … , (S6) 

c. 18, 6, 2, … , (S10)    h. 1.4, 0.7, 0.35, …,(S5) 

d. 1000, 100, 10, … ,(S7)    i. 68, 34, 17, … , (S10) 

e. 32, 8, 2, … ,( S14)    j. 8, 2, 1
2
, …, (S11) 

4. Find the sum of the first 20 terms of the sequence 4, 6, 8 10, ... 

5. Find the sum of the sequence  -8, -5, -2, ..., 7 

6. Find the 9th term of the sequence 

 

7. Find a6 for an arithmetic sequence where a1 = 3x + 1 and d = 2x + 6. 

8. Find t12 for a geometric sequence  where   t1 = 2 + 2i   and   r = 3 
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Additional Activity 

1. Party Problem:  
At a party, everyone shook hands with everybody else. There were 66 handshakes. How 
many people were at the party?  
 

 

 

9. Find the indicated sum 

10. How many terms of the arithmetic sequence -3, 2, 7, ... must be added together for the 

sum of the series to be 116? 

11. A display of cans on a grocery shell consists of 20 cans on the bottom, 18 cans in the 

next row, and so on in an arithmetic sequence, until the top row has 4 cans.  How many 

cans, in total, are in the display?  

12.  Find the common ratio and the seventh term of the following sequence:  

          
2
9

 , 2
3
 , 2, 6, 18,…. 

 

 

A rubber ball keeps on bouncing back to ⅔ of the height from which it is dropped. Can 

you calculate the fraction of its original height that the ball will bounce after it is dropped 

and it has bounced four times without any hindrance?  
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Sub Strand      Matrices 

 

A Matrix is an array of numbers: 

 
 
A Matrix is known by the number of rows  
and columns (rows by columns). 
 
The one above has 2 Rows and 3 Columns therefore it is a “2 by 3” matrix and written as   
2 x 3. 
One is a matrix, or several matrices. 

To show how many rows and columns a matrix has we often write its order [rows × 

columns].  

Example: The order of this matrix is 2×3 (2 rows by 3 columns): 

          

Matrix Equality  

Two matrices are equal if and only if these matrices have the same dimensions and equal 
corresponding elements. 

                                  =    

                                                           

  If a = e  b = f  
      c = g d = h  

Addition of Matrices  

To add two matrices, just add the numbers in the matching positions: 

 

 

- Able to identify the order of any matrix 
- To add and subtract matrix of the same order  
- Use scalar multiplication  
- Identify that two matrices can be multiplied 

and multiply it. 
- Find determinant and inverse of a  2 x 2 

i  
 
 
 
 
 
 
 
 

a        b 

c        d 

  e       f 

  g        
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These are the calculations:  
3  +  4 =  7      8 +  0  = 8 
4  +  1 =  5      6  -  9  =-3 
  

 
The two matrices must be the same size, i.e. the rows must match in size, and the columns 

must match in size. 

Example: A matrix with 3 rows and 5 columns can be added to another matrix of 3 rows 

and 5 columns. But it cannot be added to a matrix with 3 rows and 4 columns (the columns 

don't match in size). 

Negative   The negative of a matrix is also simple: 

       These are the calculations:  
 

 
 

Subtraction of Matrices  

To subtract two matrices, just subtract the numbers in the matching positions: Example  

 

These are the calculations:  
3 – 4 = -1     8 – 0 = 8 
4 – 1 = 3       6 - (-9) = 15 

Note: subtracting is actually defined as the addition of a negative matrix: A + (-B) 

Multiply by a Constant 

We can multiply a matrix by some value:   Example : 
                These are the calculations: 

  

-(2)= -2 -(-4) = +4 
-(7)= -7 -(10) = -10 

2 × 4 =8      2 × 0  = 0 
2 × 1 =2 2 ×- 9=-18 
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 We call the constant a scalar, so officially this is called "scalar multiplication".  

Multiplying a Matrix by another Matrix 

When we do multiplication: 

• The number of columns of the 1st matrix must equal the number of rows of the 
2nd matrix. 

• And the result will have the same number of rows as the 1st matrix, and the same 
number of columns as the 2nd matrix. 

 

In this example we multiplied a 1×3 matrix by a 3×4 matrix (note the 3s are the same), and 
the result was a 1×4 matrix. 

 

 

 

 

 

 

To multiply a matrix by another matrix you need to do the "dot product" of rows and 
columns ... 

To work out the answer for the 1st row and 1st column: 

 

The "Dot Product" is where you multiply matching members, then sum up: 

(1, 2, 3) • (7, 9, 11) = 1 × 7 + 2 × 9 + 3 × 11 = 58 

 

In General:  

To multiply an m×n matrix by an n×p matrix, the n’s must 
be the same,  

and the result is an m×p matrix. 
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We match the 1st members (1 and 7), multiply them, likewise for the 2nd members (2 and 

9) and the 3rd members (3 and 11), and finally sum them up. 

Here it is for the 1st row and 2nd column: 

 

(1, 2, 3) • (8, 10, 12) = 1 × 8 + 2 × 10 + 3 × 12 = 64 

We can do the same thing for the 2nd row and 1st column: 

(4, 5, 6) • (7, 9, 11) = 4 × 7 + 5 × 9 + 6 × 11 = 139 

And for the 2nd row and 2nd column: 

(4, 5, 6) • (8, 10, 12) = 4 × 8 + 5 × 10 + 6 × 12 = 154 

And we get: 

 

 

Order of Multiplication 

In arithmetic we are used to:   2 × 5 = 5 × 2 

 (The Commutative Law of Multiplication) 

But this is not generally true for matrices (matrix multiplication is not commutative): 

AB ≠ BA 

When you change the order of multiplication, the answer is (usually) different. 

Example: See how changing the order affects this multiplication: 
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Identity Matrix 

The "Identity Matrix" is the matrix equivalent to the number "1": 

 
A 3 x 3 Identity Matrix 

• It is "square" (has same number of rows as columns), 

• It has 1s on the diagonal and 0s everywhere else.  

• It's symbol is the capital letter I. 

It is a special matrix, because when you multiply a matrix by it, the original is unchanged: 

A × I = A 

I × A = A 

Dividing 
 
And what about division? Well we don't actually divide matrices, we do it this way: 

A/B = A × (1/B) = A × B-1 

where B-1 means the "inverse" of B.  

So we do not divide, instead we multiply by an inverse.  

 

Determinant of a Matrix 

The determinant of a matrix is a special number that can be calculated from the matrix. It 
tells us things about the matrix that are useful. 

The symbol for determinant is two vertical lines ∣ ∣ either side. 

 

 

 

|A| means the determinant of the matrix A 
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Calculating the Determinant of a 2 x 2 matrix 

First of all the matrix must be square (i.e. have the same number of rows as columns). Then 
it is just a matter of basic arithmetic. Here is how: 

For a 2×2 matrix (2 rows and 2 columns): 

 

 

The determinant is: 

 

It is easy to remember when you think of a cross: 

• Blue means positive (+ad),  
• Red means negative (-bc)  

  
 

 

Example:  

 

  

Inverse of a Matrix 

The Inverse of a Matrix is the same idea as the reciprocal of a number: 

 
Reciprocal of a Number 

But we do not write 1/A (because we do not divide by a Matrix!), instead we write A-1 for 
the inverse: 

 

(In fact 1/8 can also be written as 8-1) 

 

|B| = 4 × 8 – 6 × 3 
  = 32 – 18  
  = 14 

|A| = ad - bc 
"The determinant of A equals a times d minus b times c" 
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And there are other similarities: 

When you multiply a number by its reciprocal you get 1 

8 × (1/8) = 1 

When you multiply a Matrix by its Inverse you get the Identity Matrix (which is like "1" for 
Matrices): 

A × A-1 = I 

It also works when the inverse comes first: (1/8) × 8 = 1  and A-1 × A = I. 

 

Definition 

So we have a definition of a Matrix Inverse... 

 

 

 
2 x 2 Matrices 

Well, for a 2 x 2 Matrix the Inverse is: 

 

 

 

 

 

 

 

The Inverse of A is A-1 only when: 

A × A-1 = A-1 × A = I 

Sometimes there is no Inverse at all. 

 

In other words: swap the positions of a and d, put negatives in front of 
b and c, and divide everything by the determinant (ad-bc). 
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Let us try an example: 

 

How do we know this is the right answer? 

Remember it must be true that:  A × A-1 = I 

So, let us check to see what happens when we multiply the matrix by its inverse: 

 

We end up with the Identity Matrix! So it must be right. 

It should also be true that:    A-1 × A = I 

The Inverse May Not Exist 

First of all, to have an Inverse the Matrix must be "Square" (same number of rows and 
columns). 

But also the determinant cannot be zero (or you would end up dividing by zero). As an 
example: 

 

 

 

 

And there are other similarities: 

When you multiply a number by its reciprocal you get 1 

8 × (1/8) = 1 

When you multiply a Matrix by its Inverse you get the Identity Matrix (which is like "1" for 
Matrices): 

A × A-1 = I 

It also works when the inverse comes first: (1/8) × 8 = 1  and A-1 × A = I. 

 

Definition 

So we have a definition of a Matrix Inverse... 

 

 

 
2 x 2 Matrices 

Well, for a 2 x 2 Matrix the Inverse is: 

 

 

 

 

 

 

 

The Inverse of A is A-1 only when: 

A × A-1 = A-1 × A = I 

Sometimes there is no Inverse at all. 

 

In other words: swap the positions of a and d, put negatives in front of 
b and c, and divide everything by the determinant (ad-bc). 
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24 – 24 ?   That equals 0, and    
1
0

   is undefined. 

 We cannot go any further! This Matrix has no Inverse. 

Such a Matrix is called "Singular", which only happens when the determinant is zero. 

 

 
  

  

   

 
 
 
 
 
  EXERCISE      2.4   
 
 
1        2 

 

3. 

 

 

4.         

5. A is a 3 × 2 matrix B is a 2 × 3 matrix C is a 2 × 2 matrix D is a 3 × 3 

matrix 

Which of the following products does not exist? 

A. AB  B. AC  C. BD  D. CD 

6. 

 

7.  

 

The Inverse of A is A-1 only when A × A-1 = A-1 × A = I 

To find the Inverse of a 2x2 Matrix:  

• swap the positions of a and d 

• put negatives in front of b and c, and  

• divide everything by the determinant (ad-bc). 

 Sometimes there is no Inverse at all. 
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8. 

 

9. 

 
 
10. What is the inverse of the matrix  11.What is the inverse of the matrix 
 
 
 
 
 
12.What is the inverse of the matrix  13.What is the inverse of the matrix 
 
 
 
14.What is the inverse of the matrix 
 
 

15. Which one of the following matrices is singular? 

A. .   B.   C.      D 

 

16. Find the value of x and y  

 [i]  

    = 

 

  

[ii]                                   = 

Calculations like that (but using much larger matrices) help Engineers design buildings, 
are used in video games and computer animations to make things look 3-dimensional, 
and many other places. 

The calculations are done by computers, but the people must understand the formulas. 

 

 

x        3 

2        1 

4        y 

2        1      
            

  

x        3 

2        1 

4 + y        x – 1  

x – 2            1 
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