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Number patterns

3.1 Revision

3.2 Quadratic sequences

3.3 Summary




Number patterns

In earlier grades we learned about linear sequences, where the difference between
consecutive terms is constant. In this chapter, we will learn about quadratic sequences,
where the difference between consecutive terms is not constant, but follows its own
pattern.

3.1 Revision EMBG?2

Terminology:

Sequence/pattern A sequence or pattern is an ordered set of numbers
or variables.

Successive/consecutive Successive or consecutive terms are terms that di-
rectly follow one after another in a sequence.

Common difference The common or constant difference (d) is the differ-
ence between any two consecutive terms in a linear
sequence.

General term A mathematical expression that describes the se-

guence and that generates any term in the pattern
by substituting different values for n.

Conjecture A statement, consistent with known data, that has
not been proved true nor shown to be false.

Important: a series is not the same as a sequence or pattern. Different types of series
are studied in Grade 12. In Grade 11 we study sequences only.

® See video: 22F) at www.everythingmaths.co.za

Describing patterns EMBG3

To describe terms in a pattern we use the following notation:

e T7 is the first term of a sequence.
e T, is the fourth term of a sequence.

e T, is the general term and is often expressed as the n'" term of a sequence.

A sequence does not have to follow a pattern but when it does, we can write an
equation for the general term. The general term can be used to calculate any term in
the sequence. For example, consider the following linear sequence: 1;4;7;10;13;. ..
The n'" term is given by the equation T}, = 3n — 2.

You can check this by substituting values for n:

Ty =3(1)—-2=1

T,=3(2)—2=4
Ty =3(3)—2=7
Ty =3(4) —2=10
Ty = 3(5) — 2 = 13
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If we find the relationship between the position of a term and its value, we can describe
the pattern and find any term in the sequence.

® See video: 22FK at www.everythingmaths.co.za

Linear sequences EMBG4

DEFINITION: Linear sequence
A sequence of numbers in which there is a common difference (d) between any term
and the term before it is called a linear sequence.

Important: d =15 — 71, not 11 — T5.

Worked example 1: Linear sequence

QUESTION

Determine the common difference (d) and the general term for the following sequence:

10;7:4;1;. ..

SOLUTION

Step 1: Determine the common difference
To calculate the common difference, we find the difference between any term and the
previous term:

d= T, —Th 1

Therefore d = T5 — Ty

=7-10
=-3
ord="T3—1T5
=4-7
-3
ord=Ty —Tj
=1—-4
=-3
10 7 4 1

N/ N/ N/
-3 -3 -3

Step 2: Determine the general term

To find the general term T},, we must identify the relationship between:
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e the value of a number in the pattern and

e the position of a number in the pattern

position | 1 [ 2| 3 | 4
value 107141

We start with the value of the first term in the sequence. We need to write an expres-
sion that includes the value of the common difference (d = —3) and the position of
the term (n = 1).

T, =10

— 10+ (0)(-3)
=10+ (1—1)(-3)

Now we write a similar expression for the second term.
=1
=10+ (1)(—3)
=10+ (2—-1)(-3)

We notice a pattern forming that links the position of a number in the sequence to its
value.
T, =10+ (n — 1)(-3)
=10—3n+3
=—-3n+13

Step 3: Drawing a graph of the pattern
We can also represent this pattern graphically, as shown below.

Term value T,
14

13 |
12
11

=
f=}
T
L]

o — () w [ ot (= -~ oo Ne}
T T T T T T T T T

Pattern number (n)

Notice that the position numbers (n) can be positive integers only.

This pattern can also be expressed in words: “each term in the sequence can be cal-
culated by multiplying negative three and the position number, and then adding thir-
teen.”
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Exercise 3 — 1: Linear sequences

1. Write down the next three terms in each of the following sequences:
45;29:13; —3;. ..

2. The general term is given for each sequence below. Calculate the missing terms.

a) —4;-9;—-14;...;-24
T,=1—-5n

b) 6;...;24;...;42
T, =9 —3

3. Find the general formula for the following sequences and then find T}g, T15 and
Tg():
a) 13;16;19;22;...
b) 18;24;30;36;. ..
c) —10; —15; —20; —25;. ..
4. The seating in a classroom is arranged so that the first row has 20 desks, the

second row has 22 desks, the third row has 24 desks and so on. Calculate how
many desks are in the ninth row.

5. a) Complete the following:

13+31=...
24442 = ...
38 +83=...

b) Look at the numbers on the left-hand side, what do you notice about the
unit digit and the tens-digit?

c) Investigate the pattern by trying other examples of 2-digit numbers.
d) Make a conjecture about the pattern that you notice.

e) Prove this conjecture.

Think you got it? Get this answer and more practice on our Intelligent Practice Service

1.22FN  2a.22FP  2b. 22FQ 3a.22FR 3b.22FS 3c. 22FT
4.22FV 5. 22FW

@,

]
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3.2 Quadratic sequences EMBG5

Investigation: Quadratic sequences

1. Study the dotted-tile pattern shown and answer the following questions.

a) Complete the fourth pattern in the diagram.

b) Complete the table below:

pattern number | 1 |2 |3 |4 5|20 | n
dotted tiles 1
difference (d) | — | 2

(O8]
U1

c) What do you notice about the change in number of dotted tiles?
d) Describe the pattern in words: “The number of dotted tiles...”.
e) Write the general term: T,, = ...

f) Give the mathematical name for this kind of pattern.

g) A pattern has 819 dotted tiles. Determine the value of n.

2. Now study the number of blank tiles (tiles without dots) and answer the following
questions:

a) Complete the table below:

patternnumber | 1 | 2| 3 | 4|5 ]| 10
blank tiles 31611
first difference -3

second difference | — | —

b) What do you notice about the change in the number of blank tiles?
c) Describe the pattern in words: “The number of blank tiles...”.

d) Write the general term: T}, = . ..

e) Give the mathematical name for this kind of pattern.

f) A pattern has 227 blank tiles. Determine the value of n.

g) A pattern has 79 dotted tiles. Determine the number of blank tiles.

3.2. Quadratic sequences
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DEFINITION: Quadratic sequence

A quadratic sequence is a sequence of numbers in which the second difference be-
tween any two consecutive terms is constant.

Consider the following example: 1;2;4;7;11;. ..

The first difference is calculated by finding the difference between consecutive terms:

1 2 4 7 11

N/ N/ N/ NN/
+1 +2 +3 +4

The second difference is obtained by taking the difference between consecutive first
differences:

1 2 3 4
N/ \N / N\ /
+1 +1 +1

We notice that the second differences are all equal to 1. Any sequence that has a
common second difference is a quadratic sequence.

It is important to note that the first differences of a quadratic sequence form a sequence.
This sequence has a constant difference between consecutive terms. In other words, a
linear sequence results from taking the first differences of a quadratic sequence.

General case

If the sequence is quadratic, the n' term is of the form T}, = an® + bn + c.

n=1 n=2 n=3 n=4
T, a+b+c da +2b+c 9a 4 3b+ ¢ 16a + 4b+ ¢
~_ - ~ - ~ _—
1%t difference 3a+b 5a+b Ta+b
ond difference \Qa/ \Qa/

In each case, the common second difference is a 2a.

Exercise 3 — 2: Quadratic sequences

1. Determine the second difference between the terms for the following se-

quences:
a) 5;20;45;80;. .. g) —1;2:9;20;...
b) 6;11;18;27;... h) 1;_3; _9;_17;‘”
c) 1;4;9;16;. .. .
d) 3:0: —5: —12: i) 3a+1;12a+1;27a+1;48a+1. ..
e 1:3:7:13;.. . j) 2;10;24;44;...
f) 0; —6; —16; —30;. .. k) t —2;4¢ —1;9¢; 16t + 1;. ..
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2. Complete the sequence by filling in the missing term:

a) 11;21;35;...;75 d 3;...;-13;-27; —45
b) 20;...;42;56;72 e) 24:35;48;...:;80
c) ...;37;65;101 f) ...;11;26;47

3. Use the general term to generate the first four terms in each sequence:

a) T,=n*+3n—-1
b) T, = —-n?2—-5

o T, =3n?—2n

d) T,=-2n2+n+1

Think you got it? Get this answer and more practice on our Intelligent Practice Service

la. 22FX  1b. 22FY 1c.22FZ  1d.22G2 1e.22G3  1f. 22G4
1g.22G5 1h. 22G6 1i.22G7  1j.22G8 1k.22G9 2a.22GB
2b. 22GC  2¢.22GD 2d.22GF  2e.22GG  2f. 22GH 3a. 22QJ
3b. 22GK  3c. 22GM  3d. 22GN

%,

]
=\ www.everythingmaths.co.za m.everythingmaths.co.za

Worked example 2: Quadratic sequences

QUESTION

Write down the next two terms and determine an equation for the n' term of the
sequence 5; 12; 23; 38; . ..

SOLUTION

Step 1: Find the first differences between the terms

5 23 38

12
N\ / N\ / N\
7 +11 +15

Step 2: Find the second differences between the terms

7 11 15
N/ N/

+4 +4
So there is a common second difference of 4. We can therefore conclude that this is a
quadratic sequence of the form T}, = an? + bn + c.
Continuing the sequence, the next first differences will be:
...15 19 23...

N /N 7
+4 +4
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Step 3: Finding the next two terms in the sequence

The next two terms will be:

.3 57 0...

8 8
N S N S
+19 +23

So the sequence will be: 5; 12; 23; 38; 57; 80; ...
Step 4: Determine the general term for the sequence

To find the values of a, b and ¢ for T}, = an? + bn + ¢ we look at the first 3 terms in the
sequence:

n=1:T1=a+b+c

n=2:Ty=4a+2b+c

n=3:1T3 =9 + 3b+ ¢

We solve a set of simultaneous equations to determine the values of a, b and ¢

We know that 77 = 5, T» = 12 and T3 = 23

a+b+c=5
4a+2b+c=12
9a +3b+c =23
Th—-Ti=4a+2b+c—(a+b+c)
12—5=4a+2b+c—a—-b—c
7T=3a+b . (1)
T3 — T =9a+3b+c— (4a+ 2b+ c)
23—12=9a+3b+c—4a—2b—c
11 =5a+b ... (2)

(2)—(1)=5a+b— (3a+b)
11-7=5a+b—-3a—0b
4 =2a

coa=2

Using equation (1) :  3(2)+b=7

b=1

And using a+b+c=5
2+1+c=5

se=1

Step 5: Write the general term for the sequence

T,=2n2+n+2
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Worked example 3: Plotting a graph of terms in a sequence

QUESTION

Consider the following sequence:

3;6;10;15;21;...

1. Determine the general term (77,) for the sequence.
2. Is this a linear or a quadratic sequence?

3. Plot a graph of T}, vs n.

SOLUTION

Step 1: Determine the first and second differences

6 10
. /SN N\
1%t difference 3 4 5
\1/ N S

ond difference 1

We see that the first differences are not constant and form the sequence 3; 4;5;. .. and
that there is a common second difference of 1. Therefore the sequence is quadratic
and has a general term of the form T}, = an?® + bn + c.

Step 2: Determine the general term T,

To find the values of a, b and ¢ for T}, = an? + bn + ¢ we look at the first 3 terms in the
sequence:

n=1:Ty=a+b+c
n=2:T,=4a+2b+c
n=3:T3=9a+3b+c

We solve this set of simultaneous equations to determine the values of a, b and ¢. We
know that T}, = 3, T5 = 6 and T3 = 10.

a+b+c=3
da+2b+c=6
9a + 3b+c =10
To—Ti=4a+2b+c—(a+b+c)
6—3=4a+2b+c—a—b—c
3=3a+0b (1)
T35 —T,=9a+3b+c— (4da+2b+c)

10— 6=9a+3b+c—4a—2b—c
4=>5a+b )
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(2)—(1)=5a+b—(3a+b)
4—-3=5a+b—3a—0>

1=2a
1
.. - 2
. . 1
Using equation (1) : 3 <§> +b=

And using a+b+c=3
1 3
§+§+C—3

se=1

Therefore the general term for the sequence is T,, = %n2 4F %n + 1.

Step 3: Plot a graph of 7}, vs n

Use the general term for the sequence, T,, = %nQ + %n + 1, to complete the table.

n|112| 3|4 |5|6]|7]|8] 910
T, 1361015 |21 |28 |36 |45 | 55| 66

Use the table to plot the graph:

3
[ )

Tyt )

Term value (T},)

1 2 3 4 5 6 7 8 9 10
Position number (n)

In this case it would not be accurate to join these points, since n indicates the position
of a term in a sequence and can therefore only be a positive integer. We can, however,
see that the plot of the points lies in the shape of a parabola.
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Worked example 4: Olympic Games soccer event

QUESTION

In the first stage of the soccer event at the Olympic Games, there are teams from
four different countries in each group. Each country in a group must play every other
country in the group once.

1. How many matches will be played in each group in the first stage of the event?
2. How many matches would be played if there are 5 teams in each group?
3. How many matches would be played if there are 6 teams in each group?

4. Determine the general formula of the sequence.

SOLUTION

Step 1: Determine the number of matches played if there are 4 teams in a group

Let the teams from four different countries be A, B, C and D.

teams in a group | matches played
A AB,AC,AD
B BC, BD
C CD
D
4 3+24+1=6

AB means that team A plays team B and BA would be the same match as AB. So if
there are four different teams in a group, each group plays 6 matches.

Step 2: Determine the number of matches played if there are 5 teams in a group

Let the teams from five different countries be A, B,C, D and E.

teams in a group | matches played

A AB, AC, AD, AE
B BC,BD, BE
C CD,CE

D DE

E

5

4+3+2+1=10

So if there are five different teams in a group, each group plays 10 matches.
Step 3: Determine the number of matches played if there are 6 teams in a group

Let the teams from six different countries be A, B,C, D, E and F.
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teams in a group | matches to be played
AB, AC, AD, AE, AF
BC,BD, BE, BF
CD,CE,CF
DE,DF
EF

o1l | | O Q) &9

O5+4+3+2+1=15

So if there are six different teams in a group, each group plays 15 matches.

We continue to increase the number of teams in a group and find that a group of 7
teams plays 21 matches and a group of 8 teams plays 28 matches.

Step 4: Consider the sequence

We examine the sequence to determine if it is linear or quadratic:

n=1 n=2 n=23 n=4 n=>5

T, 6 10 15 21 28 ...
- N/ N/ N/ N/
first difference 4 5 6 7

, NS NS NS

second difference 1 1 1

We see that the first differences are not constant and that there is a common second
difference of 1. Therefore the sequence is quadratic and has a general term of the form
T, = an® + bn + c.

Step 5: Determine the general term T,

To find the values of a, b and ¢ for T}, = an? + bn + ¢ we look at the first 3 terms in the
sequence:

n=1:Ty=a+b+c
n=2:1T=4a+2b+c
n=3:1T3 =9+ 3b+ ¢

We solve a set of simultaneous equations to determine the values of a, b and ¢. We
know that T4 = 6, T, = 10 and 75 = 15

a+b+c=6
4da +2b+c =10
9a+3b+c=15
To—Ty=4a+2b+c—(a+b+c)
10—-6=4a+2b+c—a—b—c
4=3a+b .. (1)
T35 — Ty =9a+3b+c— (4da+2b+ ¢)

15—10=9a+3b+c—4a—2b—c
5=5ba+b ... (2)
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(2) —(1)=5a+b—(3a+b)
5—4=5a+b—3a—0b

1=2a

1

a=z

2

. . 1
Using equation (1) : 3 (5) +b=4
)
- b= =
2
And usinga+b+c=6
1 5

§+§+C—6

c.c=3

Therefore the general term for the sequence is T,, = %nQ 4 %n -+ 3.

Exercise 3 — 3: Quadratic sequences

1. Calculate the common second difference for each of the following quadratic

sequences:
a) 3; 6; 10; 15; 21; ... d) 2; 10; 26; 50; 82; ...
b) 4; 9; 16; 25; 36; ...
c) 7; 17; 31; 49; 71; ... e) 31; 30; 27; 22; 15; ...

2. Find the first five terms of the quadratic sequence defined by: T}, = 5n% + 3n +4.
3. Given T}, = 4n? + 5n + 10, find Ty.
4. Given T,, = 2n?, for which value of n does T}, = 32?

5. a) Write down the next two terms of the quadratic sequence: 16;27;42;61;. ..

b) Find the general formula for the quadratic sequence above.

Think you got it? Get this answer and more practice on our Intelligent Practice Service

la.22GP  1b.22GQ 1c.22GR 1d.22GS 1e. 22GT 2.22GV
3.22GW 4. 22GX 5. 22GY

%,

]
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3.3 Summary

® See presentation: 22GZ at www.everythingmaths.co.za

e T, is the general term of a sequence.

e Successive or consecutive terms are terms that follow one after another in a
sequence.

e A linear sequence has a common difference (d) between any two successive
terms.

d="1T,—T,

e A quadratic sequence has a common second difference between any two suc-
cessive terms.

e The general term for a quadratic sequence is

T, = an®+bn +c

e A general quadratic sequence:

n=1 n=2 n=3 n=4
Tn a+b+c 4a+2b+c 9a 4+ 3b+ ¢ 16a + 4b+ ¢
1%t difference 3a+b 5a + b Ta+b
ond difference \Za/ \2a/

Exercise 3 — 4: End of chapter exercises

1. Find the first five terms of the quadratic sequence defined by:
Tp=n?>+2n+1

2. Determine whether each of the following sequences is:

e alinear sequence,

e a quadratic sequence,

e or neither.

a) 6;9;14;21;30;... h) 3;9;15;21;27;...

b) 1;7;17;31;49; .. i) 1;2,5;5;8,5;13; ...

& 65 L1525 S5 0 - i) 10:24; 44; 70 102; ...

d) 9;26;51;84;125; ... . . .

e) 2;20;50;92;146; ... S Zig 8 Wi 155 2255500

f) 5;19;41; 71; 109; ... ) 3p?; 6p%; 9p?; 12p%; 15p%; . ..
g) 2;6;10;14;18;... m) 2k;8k; 18k; 32k; 50k; . ..
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3. Given the pattern: 16; x; 46; . . ., determine the value of x if the pattern is linear.
4. Given T,, = 2n?, for which value of n does T}, = 242?

5. Given T}, = 3n?, find T1;.

6. Given T}, = n? + 4, for which value of n does T}, = 85?

7. Given T;, = 4n® 4+ 3n — 1, find T5.
. 3 5 .
8. Given T, = 3" for which value of n does T,, = 962

9. For each of the following patterns, determine:

e the next term in the pattern,
e and the general term,

e the tenth term in the pattern.

a) 3;7;11;15;. .. d) a;a+ b;a+ 2b;a+ 3b;. ..
b) 17;12;7;2;...
c) %;1;1%;2;... e) 1;—1;-3;-5;...

10. For each of the following sequences, find the equation for the general term and
then use the equation to find T7qg.

a) 4;7;12;19;28; ...
b) 2;8;14;20;26;...
C) 7;13;23;37;55;...

d) 5:14;29;50;77; ...

Given: T,, =3n — 1

11. a) Write down the first five terms of the sequence.

b) What do you notice about the difference between any two consecutive
terms?

c) Will this always be the case for a linear sequence?
Given the following sequence: —15; —11; —7;...;173
12. a) Determine the equation for the general term.
b) Calculate how many terms there are in the sequence.
13. Given 3;7;13;21;31;. ..

a) Thabang determines that the general term is T, = 4n — 1. Is he correct?
Explain.

b) Cristina determines that the general term is 7}, = n% +n + 1. Is she correct?
Explain.
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14. Given the following pattern of blocks:

a) Draw pattern 5.

b) Complete the table below:

pattern number (n)
number of white blocks (w) | 4 | 8

N
w
N
(6]

10 | 250 | n

¢) Is this a linear or a quadratic sequence?

15. Cubes of volume 1 cm? are stacked on top of each other to form a tower:

1 2 3

a) Complete the table for the height of the tower:

tower number (n) | 123 |4]10|n
height of tower (h) | 2

b) What type of sequence is this?

c) Now consider the number of cubes in each tower and complete the table
below:

tower number (n) |1 ]2 |3 |4
number of cubes (¢) | 3

d) What type of sequence is this?
e) Determine the general term for this sequence.
f) How many cubes are needed for tower number 21?

g) How high will a tower of 496 cubes be?

16. A quadratic sequence has a second term equal to 1, a third term equal to —6 and
a fourth term equal to —14.

a) Determine the second difference for this sequence.

b) Hence, or otherwise, calculate the first term of the pattern.
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17. There are 15 schools competing in the U16 girls hockey championship and every
team must play two matches — one home match and one away match.

a) Use the given information to complete the table:

no. of schools | no. of matches
1 0
2
3
4
5

b) Calculate the second difference.
c) Determine a general term for the sequence.

d) How many matches will be played if there are 15 schools competing in the
championship?

e) If 600 matches must be played, how many schools are competing in the
championship?

18. The first term of a quadratic sequence is 4, the third term is 34 and the common
second difference is 10. Determine the first six terms in the sequence.

19. Challenge question:

Given that the general term for a quadratic sequences is T}, = an® 4 bn + ¢, let
d be the first difference and D be the second common difference.

a) Show that a = %

b) Show thatb =d — gD.

c) Showthate=T) —d + D.

D
d) Hence, show that T}, = 5”2 4= <d = gD) n+ (Th —d+ D).

Think you got it? Get this answer and more practice on our Intelligent Practice Service

1. 22H2 2a. 22H3 2b. 22H4  2c. 22H5 2d. 22H6  2e. 22H7
2f. 22H8 2g. 22H9 2h. 22HB 2i. 22HC 2j. 22HD  2k. 22HF
2. 22HG  2m. 22HH 3.22H] 4. 22HK 5.22HM 6. 22HN

7. 22HP 8.22HQ  9a.22HR  9b. 22HS 9c. 22HT  9d. 22HV
9e. 22HW 10a. 22HX  10b. 22HY 10c. 22HZ 10d. 22)2 11.22)3
12.22)4 13. 225 14. 22)6 15. 22)7 16.22)8 17.22)9
18. 22)B 19. 22JC

%,

]
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