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Exponents and surds

1.1

The number system EMBF3

The diagram below shows the structure of the number system:

Revision EMBF2

Rational Q Non-real R’

Integer Z

Irrational Q'
Whole NO

® See video: 2222 at www.everythingmaths.co.za

We use the following definitions:

N: natural numbers are {1; 2; 3; ...}

Np: whole numbers are {0; 1; 2; 3; ...}

Z: integersare {...; —3; —2; —1; 0; 1; 2; 3; ...}

Q: rational numbers are numbers which can be written as § where a and b are
integers and b # 0, or as a terminating or recurring decimal number.

Examples: —I; —2,25; 0; v/9; 0,8; 2

e Q': irrational numbers are numbers that cannot be written as a fraction with the
numerator and denominator as integers. Irrational numbers also include decimal
numbers that neither terminate nor recur.

Examples: v/3; v/2; m; 1+2‘/5; 1,27548 ...

e R: real numbers include all rational and irrational numbers.

e R’: non-real numbers or imaginary numbers are numbers that are not real.

Examples: /—25; v/—1; — _%6

® See video: 2223 at www.everythingmaths.co.za
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Exercise 1 — 1: The number system

Use the list of words below to describe each of the following numbers (in some cases
multiple words will be applicable):

e Natural (N) e Irrational (Q’)
e Whole (Np) e Real (R)
e Integer (Z) e Non-real (R')
e Rational (Q)
1. V7 9. —/-3
2. 0,01 10. (m)?

2 9
3. 16¢ 1. -2
4. (/6% 12. /-8

22

5.0 13. <
6. 2 14. 2,45897. ..
7. —5,38 15. 0,65
8. 152 16. ¢/—32

Think you got it? Get this answer and more practice on our Intelligent Practice Service

1.2224  2.2225 3.2226 4.2227 5.2228 6.2229
7.222B  8.222C 9.222D 10.222F 11.222G 12.222H
13.222) 14.222K 15.222M 16. 222N

Z,

]
= www.everythingmaths.co.za m.everythingmaths.co.za

Laws of exponents EMBF4

We use exponential notation to show that a number or variable is multiplied by itself
a certain number of times. The exponent, also called the index or power, indicates the
number of times the multiplication is repeated.

n — exponent/index
base —a b

a*=axaxax...xa (ntimes) (a e R,n eN)

® See video: 222P at www.everythingmaths.co.za
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Examples:

L 2x2x2x2=2%

-y

2. 0,71 x0,71 x 0,71 = (0,71)3
3. (501)%2 = 501 x 501
4. kS =k xkxkxkxkxk

For 22, we say z is squared and for y3, we say that y is cubed. In the last example we
have k%; we say that k is raised to the sixth power.

We also have the following definitions for exponents. It is important to remember that
we always write the final answer with a positive exponent.

e a’=1 (a # 0 because 0° is undefined)

e a" =L (a0 because § is undefined)

Examples:

11

52 25
2. (=362 =)z =21

1. 572

v

3.
#t=2 " pg

We use the following laws for working with exponents:

e a" x a® =amtn

O c(;_n — gmn

o (ab)" =a™b"
n n

e (3)' =%

° (am)n — qg™mn

wherea > 0, b > 0 and m,n € Z.

Worked example 1: Laws of exponents

QUESTION

Simplify the following:

1. 5(m?)P x 2(m?p)!

8k3 12

2. wh)?2
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22 x3x T4

> (7Tx2)4

4. 3(3b)e

SOLUTION

1. 5(m2HP x 2(m?3P)! = 10m2Pi+3pt = 10m>Pt

3.2 3.2
2. ?kkg);- = —8]2;2 = 8K~z = 8k1a0 = 8k
€T €T

2 x3xT7  2x3xT
_ _ 9(2—4) (4—4) _ o—2 _3
Tx28 ~ Tixa =2 X3 X7 =2""x3=1

A, BV =3k 3 = gt

Worked example 2: Laws of exponents

QUESTION

i ' 3m _ 3m—|—1
Slmpllny
SOLUTION

Step 1: Simplify to a form that can be factorised

3m—3mtl  3m_ (3™ x 3)
4x3m—3m  4x3m—3m

Step 2: Take out a common factor

3m(1 - 3)
3m(4—1)

Step 3: Cancel the common factor and simplify

Chapter 1. Exponents and surds 7




Exercise 1 — 2: Laws of exponents

Simplify the following:

1. 4% 420 x 42 x 4° 14, N
: -3
32 <_h)
2. 2T3 a2b3 2
15. (| —
3. (3p°)? ( cid )
g R 16. 107(7°) x 1075(—6)° — 6
T
5. (5271)2 +57 17. m3n2 = TL?’TL2 X %
6. (1) 18. (272 -571)2
2\5 -1
7. (@) 19. (1) + (%)
a\—2
8. () e
9. (m+n)! 20. >3
10. 2(pt)8 29(1 % 46(1 X 22
' (l)_l 205710
. 22. =P
12 k0 1Ot4p9
S
2 gq—Qs 2
3. = 23. (—q_gsy_4a_1)

Think you got it? Get this answer and more practice on our Intelligent Practice Service

1.222R 2.222S 3.222T 4.222V  5.222W  6.222X

7.222Y 8.2227 9.2232 10.2233 11.2234  12.2235
13.2236 14.2237 15.2238 16.2239 17.223B 18. 223C
19. 223D 20.223F 21.223G 22.223H 23.223])

%,

]
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® See video: 222Q at www.everythingmaths.co.za

1.2 Rational exponents and surds

The laws of exponents can also be extended to include the rational numbers. A rational
number is any number that can be written as a fraction with an integer in the numerator
and in the denominator. We also have the following definitions for working with
rational exponents.

8 1.2. Rational exponents and surds
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o Ifr" =a,thenr = {Ya (n>2)

(a™)n = Y/am

where a > 0, r > 0and m,n € Z, n # 0.

For v/25 = 5, we say that 5 is the square root of 25 and for ¥/8 = 2, we say that 2 is
the cube root of 8. For v/32 = 2, we say that 2 is the fifth root of 32.

When dealing with exponents, a root refers to a number that is repeatedly multiplied
by itself a certain number of times to get another number. A radical refers to a number
written as shown below.

degree

|
radical sign — {1/5 }radical
I

radicand

® See video: 223K at www.everythingmaths.co.za

The radical symbol and degree show which root is being determined. The radicand is
the number under the radical symbol.

e If n is an even natural number, then the radicand must be positive, otherwise the
roots are not real. For example, v/16 = 2 since 2 x 2 x 2 x 2 = 16, but the roots
of v/—16 are not real since (—2) x (—2) x (—=2) x (—2) # —16.

e If n is an odd natural number, then the radicand can be positive or negative. For
example, v/27 = 3 since 3 x 3 x 3 = 27 and we can also determine /—27 = —3
since (—3) x (—3) x (=3) = —27.

It is also possible for there to be more than one n'" root of a number. For example,
(—=2)? = 4 and 22 = 4, so both —2 and 2 are square roots of 4.

A surd is a radical which results in an irrational number. Irrational numbers are num-
bers that cannot be written as a fraction with the numerator and the denominator as
integers. For example, v/12, v/100, v/25 are surds.

Worked example 3: Rational exponents

QUESTION

Write each of the following as a radical and simplify where possible:

Chapter 1. Exponents and surds
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N

3.4

4. (—81)2

=

5. (0,008)

SOLUTION

1. 182 = /18

2. (—125)73 = ¥/(=125)" ,/_125 1/

3. 42 = (43)2 =8B = /64 =8

4. (—81)% = /=81 = not real

1 /
5. (0,008)3 = 100

® See video: 223M at www.everythingmaths.co.za

Worked example 4: Rational exponents

QUESTION

Simplify without using a calculator:

5 >
(F5m)

SOLUTION

Step 1: Write the fraction with positive exponents in the denominator

()

N

Step 2: Simplify the denominator

10 1.2. Rational exponents and surds



http://www.everythingmaths.co.za/@@emas.search?SearchableText=223M
http://www.everythingmaths.co.za/

Ut

|
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> ®|°‘
N———
SIS

(@)
X
o
N——
N|=

Step 3: Take the square root

Exercise 1 — 3: Rational exponents and surds

1. Simplify the following and write answers with positive exponents:

a) \/E d ¢ %
b) V361 27
o) V62 e) /(16z%)3

2. Simplify:

d) (52)° +52° — (0,25)%° + 83

3. Use the laws to re-write the following expression as a power of x:
A\ z\/ T\ 2\/T

Think you got it? Get this answer and more practice on our Intelligent Practice Service

1a.223P  1b.223Q 1c.223R  1d.223S 1e.223T 2a.223V
2b. 223W  2c. 223X 2d.223Y 3.223Z

2

]
www.everythingmaths.co.za m.everythingmaths.co.za
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Simplification of surds EMBF6

We have seen in previous examples and exercises that rational exponents are closely
related to surds. It is often useful to write a surd in exponential notation as it allows us
to use the exponential laws.

The additional laws listed below make simplifying surds easier:

ai/b= Vab

° "E—W

b Vb
o« YVa="ya
[ ] nam:a%

® See video: 223N at www.everythingmaths.co.za

Worked example 5: Simplifying surds

QUESTION
Show that:
Yax Vb= ab
{7./_
SOLUTION
1.
Vax Vb= an x bn
= (ab)n
= Vab
2.

3
SallS]
Il
—~
N———
3=

= o

Q

(=p)
ﬁ SO0
S

S

12 1.2. Rational exponents and surds
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Examples:

1. V2xv32=12%x32=164=38

V24 4
2. —2:32—:%:2
V3 3

3. VVBl=V81=+v3*=3

Like and unlike surds EMBF7

Two surds %/a and /b are like surds if m = n, otherwise they are called unlike surds.
For example, \/g and —/61 are like surds because m = n = 2. Examples of unlike
surds are /5 and {/7y3 since m # n.

Simplest surd form EMBF8

We can sometimes simplify surds by writing the radicand as a product of factors that
can be further simplified using ¥/ab = {/a x V/b.

® See video: 2242 at www.everythingmaths.co.za

Worked example 6: Simplest surd form

QUESTION

Write the following in simplest surd form: /50

SOLUTION

Step 1: Write the radicand as a product of prime factors

V50 =15 x5 x 2
=52 x2

Step 2: Simplify using V/ab = a x /b

=52 x /2
=5><\/§
=5V2

Chapter 1. Exponents and surds 13
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Sometimes a surd cannot be simplified. For example, v/6, ¥/30 and v/42 are already in
their simplest form.

Worked example 7: Simplest surd form

QUESTION

Write the following in simplest surd form: /54

SOLUTION

Step 1: Write the radicand as a product of prime factors

Vb4 =3 x3x3x2
= /33 x 2

Step 2: Simplify using V/ab = /a x Vb

Worked example 8: Simplest surd form

QUESTION

Simplify: /147 + /108

SOLUTION

Step 1: Write the radicands as a product of prime factors

V147 + /108 = /49 x 3 + /36 x 3
=72 x34++/62x3

Step 2: Simplify using /ab = /a x Vb

14 1.2. Rational exponents and surds




=<\/ﬁ><\/§)+<\/@><\/§>
:(7><\/§>-|-(6><\/§)
=7V3+6V3

Step 3: Simplify and write the final answer

13v3

Worked example 9: Simplest surd form

QUESTION

Simplify: (v/20 — \/5)2

SOLUTION

Step 1: Factorise the radicands were possible
2 2
(\/2_—\/5) = (\/4>< —\/5>

Step 2: Simplify using /ab = /a x Vb

(Vixv5-v5)’
(25 VB)’
(2\/3—\/5)2

Step 3: Simplify and write the final answer

Chapter 1. Exponents and surds 15




Worked example 10: Simplest surd form with fractions

QUESTION

Write in simplest surd form: /75 x {/(48)~1

SOLUTION

Step 1: Factorise the radicands were possible

1
V75 x 3/(48)~1 = /25 x 3 34—8
1
=25 X3 x
V8 X 6
Step 2: Simplify using V/ab = /a x Vb
1
=V XxV3Ix —
V38 x V6
1
=5x V3 x
2 x V6

Step 3: Simplify and write the final answer

1
=5V3x ——
26
_ 5V3
26

Exercise 1 — 4: Simplification of surds

1. Simplify the following and write answers with positive exponents:

a) V16 x V4
b) Va2b3 x Vbdct

c)@
V3

d) a2yB + \/ip

16 1.2. Rational exponents and surds




2. Simplify the following:

b_
b)
a2 — b2

Think you got it? Get this answer and more practice on our Intelligent Practice Service

la. 2243  1b. 2244 1c. 2245 1d.2246 2a.2247 2b.2248

Z,

U]
=) www.everythingmaths.co.za m.everythingmaths.co.za

Rationalising denominators EMBF9

It is often easier to work with fractions that have rational denominators instead of surd
denominators. By rationalising the denominator, we convert a fraction with a surd in
the denominator to a fraction that has a rational denominator.

Worked example 11: Rationalising the denominator

QUESTION

Rationalise the denominator:
5x — 16

SOLUTION

Step 1: Multiply the fraction by %

Notice that % = 1, so the value of the fraction has not been changed.

533—16)(@_\/5(533—16)
Ve TV Jix o

Step 2: Simplify the denominator

_ VvV (bx — 16)
(Va)?
_ Va(5z - 16)

The term in the denominator has changed from a surd to a rational number. Expressing
the surd in the numerator is the preferred way of writing expressions.

Chapter 1. Exponents and surds 17
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Worked example 12: Rationalising the denominator

QUESTION

Write the following with a rational denominator:
y— 25
VY+5

SOLUTION

Step 1: Multiply the fraction by ﬁ:g

To eliminate the surd from the denominator, we must multiply the fraction by an ex-
pression that will result in a difference of two squares in the denominator.

y— 25 " VY—>5
VY+5  Jy—>5

Step 2: Simplify the denominator

(y —25)(vy —5)
(V¥ +5) (V¥ —5)

(Vy)? =25
= 25)(y5—5)
y— 25
=/y-5

® See video: 2249 at www.everythingmaths.co.za

Exercise 1 — 5: Rationalising the denominator

Rationalise the denominator in each of the following:

1. E 6 V3+VT
V5 NG
3

2. — 3/p—4
V6 7. 7\/}3
2 V2

3. — - — t—4
V3 3 8. Vit2

4 3 1

VA1 9. (L+vim)~

5. j? 10. a<\/6+\/5>_1

18 1.2. Rational exponents and surds
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Think you got it? Get this answer and more practice on our Intelligent Practice Service

1.224B 2.224C 3.224D  4.224F 5.224G 6. 224H
7.224) 8.224K 9.224M 10. 224N

Z

]
www.everythingmaths.co.za m.everythingmaths.co.za

1.3 Solving surd equations EMBFB

We also need to be able to solve equations that involve surds.

® See video: 224P at www.everythingmaths.co.za

Worked example 13: Surd equations

QUESTION

Solve for x: 5v/2% = 405

SOLUTION

Step 1: Write in exponential notation

ol

S b

5 (x4)
%%

b
I

Step 2: Divide both sides of the equation by 5 and simplify

ot
8
wls
N
(=]
1

(@)}
[
U“

8
—_

Wik ol
~

8
Il
w o

Step 3: Simplify the exponents

(a:é)i = (34)%
r=233
=S

Chapter 1. Exponents and surds 19
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Step 4: Check the solution by substituting the answer back into the original equation

LHS = 5v/z*
= 5(27)
= 5(3%)
=5(3%
= 405
= RHS

Wk ol

Worked example 14: Surd equations

QUESTION

Solve for z: z —4\/z+3 =0

SOLUTION

Step 1: Factorise
2—4y/2+3=0
2 — 422 +3=0
(22 —3)(22 —1) =0
Step 2: Solve for both factors

The zero law states: if a x b =0, then a = 0 or b = 0.

(22 -3)=0o0r(z2—1)=0

Therefore
1

22 —3=0

1
z2 =3

2
(-
z2=9

20 1.3. Solving surd equations




or

z2 —1=0
1
z2 =1
2
(=) =1
z=1

Step 3: Check the solution by substituting both answers back into the original equa-

tion
If 2z =09:
LHS =z —4y/z+3

=9—-4vV9+3
— 191z
=0
— RHS

If z=1:

LHS = 2z — 4/z + 3
=1-4V1+3
=44
=0
= RHS

Step 4: Write the final answer

The solutionto z —4y/z+3=0isz=9orz = 1.

Worked example 15: Surd equations

QUESTION

Solve forp: \/p—2—-3=0

SOLUTION

Step 1: Write the equation with only the square root on the left hand side

Use the additive inverse to get all other terms on the right hand side and only the

Chapter 1. Exponents and surds 21




square root on the left hand side.
V/Jp—2=3
Step 2: Square both sides of the equation
2
(=)' =

p—2=9
p=11

Step 3: Check the solution by substituting the answer back into the original equation
Ifp=11:

LHS = /p—2—3
=V11-2-3
=v9-3
=3-3
=0
— RHS

Step 4: Write the final answer

The solutionto \/p—2—-3=0is p = 11.

Exercise 1 — 6: Solving surd equations

Solve for the unknown variable (remember to check that the solution is valid):

1. 27+l _32 =0 6. 23(z3+1)=6
2. 125 (37) = 27 (57) 7 om_ L _
V16
1 1
S Az —ag 1 =0 8. V31 —10d=4—d
4 t—1=+T—1 9. 5 — 105 +9=0
5. 22— 7Yz +3=0 10. f=2+19-27F

Think you got it? Get this answer and more practice on our Intelligent Practice Service

1.224Q 2.224R 3.224S  4.224T 5.224V 6. 224W
7.224X 8.224Y 9.2247 10. 2252

%,
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1.4 Applications of exponentials

There are many real world applications that require exponents. For example, expo-
nentials are used to determine population growth and they are also used in finance to
calculate different types of interest.

Worked example 16: Applications of exponentials

QUESTION

A type of bacteria has a very high exponential growth rate at 80% every hour. If there
are 10 bacteria, determine how many there will be in five hours, in one day and in
one week?

SOLUTION

Step 1: Exponential formula

final population = initial population x (1 + growth percentage)time period in hours

Therefore, in this case:
final population = 10 (1,8)"

where n = number of hours.

Step 2: In 5 hours

final population = 10 (1,8)° ~ 189

Step 3: In 1 day = 24 hours

final population = 10 (1,8)** ~ 13 382 588

Step 4: In 1 week = 168 hours
final population = 10(1,8)"%® ~ 7,687 x 10%

Note this answer is given in scientific notation as it is a very big number.

Chapter 1. Exponents and surds
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Worked example 17: Applications of exponentials

QUESTION

A species of extremely rare deep water fish has a very long lifespan and rarely has
offspring. If there are a total of 821 of this type of fish and their growth rate is 2% each
month, how many will there be in half of a year? What will the population be in ten
years and in one hundred years?

SOLUTION

Step 1: Exponential formula

final population = initial population x (1 + growth percentage)time period in months

Therefore, in this case:
final population = 821(1,02)"

where n = number of months.

Step 2: In half a year = 6 months

final population = 821(1,02)% ~ 925

Step 3: In 10 years = 120 months

final population = 821(1,02)'%° ~ 8838

Step 4: In 100 years = 1200 months

final population = 821(1,02)'2%° ~ 1,716 x 10'?

Note this answer is also given in scientific notation as it is a very big number.

Exercise 1 — 7: Applications of exponentials

1. Ngobani invests R 5530 into an account which pays out a lump sum at the end
of 6 years. If he gets R 9622,20 at the end of the period, what compound interest
rate did the bank offer him? Give answer correct to one decimal place.

2. The current population of Johannesburg is 3 885 840 and the average rate of
population growth in South Africa is 0,7% p.a. What can city planners expect
the population of Johannesburg to be in 13 years time?

3. Abiona places 3 books in a stack on her desk. The next day she counts the
books in the stack and then adds the same number of books to the top of the
stack. After how many days will she have a stack of 192 books?

1.4. Applications of exponentials



4. A type of mould has a very high exponential growth rate of 40% every hour. If
there are initially 45 individual mould cells in the population, determine how
many there will be in 19 hours.

Think you got it? Get this answer and more practice on our Intelligent Practice Service

1.2253 2.2254 3.2255 4.2256

%z

]
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Summary

® See presentation: 2257 at www.everythingmaths.co.za

1. The number system:

N: natural numbers are {1; 2; 3; ...}

No: whole numbers are {0; 1; 2; 3; ...}
Z: integersare {...; —3; —2; —1; 0; 1; 2; 3; ...}

Q: rational numbers are numbers which can be written as ¢ where a and b
are integers and b # 0, or as a terminating or recurring decimal number.

e Q': irrational numbers are numbers that cannot be written as a fraction
with the numerator and denominator as integers. Irrational numbers also
include decimal numbers that neither terminate nor recur.

o R: real numbers include all rational and irrational numbers.

e R’: non-real numbers or imaginary numbers are numbers that are not real.
2. Definitions:

ead"=axaxax---xa (ntimes) (a€R,neN)

e’ =1 (a # 0 because 0° is undefined)

e a"=1  (a+#0because % is undefined)

an

3. Laws of exponents:

e am x a® =amtm
o g — m—n
an
o (ab)" =a™b"
n a
« (5)" =4

wherea > 0,b > 0and m,n € Z.
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4. Rational exponents and surds:

o Ifr" =a,thenr= a (n>2)

.a%:{b/a
N T
e a n (a )n .

[ ] a% = (am)% = \n/am
where a > 0, 7 > 0and m,n € Z, n # 0.

5. Simplification of surds:

o ai/b= {ab

Exercise 1 — 8: End of chapter exercises

1. Simplify as far as possible:

a) 83
b) V16 +873
2. Simplify:
a) (o%) d) (-m?)s
b) (52)% e) —(m2)%
4
0 (m)3 f) (3y§)
3. Simplify the following:
—2315 5 3 3\ 16
g B o (af0?)
(a=%b3c) 2
d 23z
b) (9aSbt)> SR

4. Re-write the following expression as a power of z:

Y~

72

:

5. Expand:
(Ve =v2) (Vz +v2)

6. Rationalise the denominator:
10

VeRk
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7. Write as a single term with a rational denominator:

TtV
8. Write in simplest surd form:

a) V72 e) 4

b) V5 + V& (V8+v2)

V48 H 16
) V18 = /72
V8

9. Expand and simplify:

a (2+ \/5)2

b) (2+v?2) (1+3)
o (1++3) (1+V8+3)

10. Simplify, without use of a calculator:

a) V5 (V45 + 2v/80)
b V98 — /8
V50
11. Simplify:
V986 + /12826

12. Rationalise the denominator:

)x/3+2
V5

) 44
JI—2

0 2x — 20
vz — /10

1
3
13. Evaluate without using a calculator: <2 — g) X (2 IF \/—7>

14. Prove (without the use of a calculator):

.

15. Simplify completely by showing all your steps (do not use a calculator):

N|=

1
2

V124 ¢ <3\/_)]

16. Fill in the blank surd-form number on the right hand side of the equal sign which
will make the following a true statement: —3v/6 x —21/24 = —/18 x ...
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17. Solve for the unknown variable:

a) 3°71 —27=0
b) 87 — 5= =0

&

C) 27(4%) = (64)3°
d) V2z —5=2—=z
e) 205 +325 —2=0

3x+1 _ 9z
18. a) Show that ~ge 1 + 3isequal to 3
gHl 3¢ I
b) H [ =7 — (=
) Hence solve e T +3 (3>

Think you got it? Get this answer and more practice on our Intelligent Practice Service

1a. 2258 1b. 2259 2a. 225B 2b. 225C  2c.225D  2d. 225F
2e. 225G 2f. 225H  3a. 225) 3b. 225K 3c. 225M  3d. 225N
3e. 225P 4.225Q 5.225R 6. 2255 7.225T 8a. 225V
8b. 225W  8c. 225X 8d. 225Y 8e. 2257 8f. 2262 9a. 2263
9b. 2264 9c. 2265 10a.2266  10b. 2267 11.2268 12a. 2269
12b. 226B  12c. 226C 13. 226D 14. 226F 15. 226G 16. 226H
17a. 226) 17b. 226K 17c. 226M  17d. 226N 17e. 226P 18. 226Q
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